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EMBEDDING THEOREMS FOR ABELIAN GROUPS WITH 
VALUATIONS.* 


By F. Conran. 


Introduction. This study arose from an attempt to simplify the proof 
and deepen the content of Hahn’s Embedding Theorem for ordered abelian 
groups (Hahn [8]). When doing this, it was discovered that the proper 
framework for such a discussion is provided by assigning to every element 
the class of all commensurable elements as its “value,” and considering the 
structure of the groups in terms of the resulting “valuation.” An extension 
of this concept leads to the following general definition of a valuation of an 
abelian group. 

If A is an abelian operator group and T is a partially ordered set, then 
a T-valuation of A is obtained by assigning to each a=£0 in A a non-empty 
trivially ordered subset of IT, called the set of values of a, subject to the 
requirement that if none of the values of a and b is greater than y (greater 
than or equal to y), then none of the values of a + 6 and ra is greater than y 
(greater than or equal to y). An abelian operator group with a definite 
T-valuation is called a T-group. An example of a I-group is given by the 
following direct generalization of the groups introduced by Hahn. 

If, to each y in T, there is assigned an abelian operator group B(y) (with ° 
respect to a common operator domain Ff), then the T-sum V of the B(y) is 
defined as follows: V is the totality of vectors b= (---,b,,-- -), with by, 
in B(y) and 6, —0 for all y with the exception of a set which satisfies the 
ascending chain condition. Addition and multiplication (by R) are defined 
componentwise. The values of b are the maximal y’s with b, 0. 

The subgroup C of V is a c-subgroup if for every y in T and b 0 in 
B(y), there exists an element c in C with value y such that cy =). o is a 
T-isomorphism if o and o? are isomorphisms that preserve values. 

In section 3 we prove the following embedding theorem: 


If A is a T-group over a skew field of operators, then A 1s T-tsomorphic 
to a c-subgroup of a T-sum V(A). 


In section 4 we prove that a I-group over a skew field is a T-sum if and 
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only if it does not possess any proper c-extensions. We then derive a necessary 
and sufficient condition for a T-isomorphism of A upon B to be extendible to 
a T-isomorphism of A’ upon B’ where A and B are subgroups of the I-sums 
A’ and B’ respectively, and the operator domain is a skew field. This enables 
us to prove that any two embeddings of A into V(A) are essentially the same. 
In the remainder of Chapter I we use these results to study T'-automorphisms. 

In Chapter II abelian groups without elements of finite order are con- 
sidered. If such a group is division closed, then it may be considered as an 
operator group over the field of rational numbers and consequently all of our 
previous theorems apply. By making use of the well-known theorem that 
every torsion-free abelian group may be embedded in a division-closed group, 
we can apply our theory to the general case. 

Any partially ordered abelian group may be considered as a I-group 
in a natural way. In this fashion we obtain a simple proof of Hahn’s 
classical embedding theorem for ordered abelian groups and various results 
that go beyond. 

The author wishes to express his appreciation to Reinhold Baer for the 
suggestions and criticism that he gave during the writing of this paper. 


Remark on notation. In this paper group will always mean abelian 
group, and the group operation will be denoted by addition. T will always 
denote a partially ordered set of elements. That is, a transitive, anti- 
symmetric, reflexive relation = is defined between some pairs of elements 
of T. «a, B, y, & will be used to denote the elements of T. A subset ® of T 
is trivially ordered if « { B for a, B in ®, and © is ordered (linearly ordered 
or simply ordered) if, for a, B in ®, either «= or BS «a. 

In the first chapter all groups will be operator groups with operator 
domain R. The operation of R upon a group will be denoted by multipli- 
cation from the left. If R is a ring with unit element 1, then la—a, 
(rs)a =r(sa), and (r+ s)a—ra- sa for every a in a group A and every 
r,s in R. Unless otherwise stated, all subgroups and isomorphisms will be 
R-subgroups and R-isomorphisms. 


Chapter I. Abelian Operator Groups. 


1. -groups, W-valuations and E-sums. There are two equivalent 
ways of defining a [-group. The following definition, equivalent to the one 
indicated in the introduction, will be most convenient for our applications. 

The group A is a T-group if to every y in I there is assigned a pair of 
subgroups A,, AY of A meeting the following requirements: 
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(a) Ay C AY for every y in I. 

(b) @< B implies A*C Ag. 

(c) For every a0 in A there exists at least one y such that a is in 
AY but not in Ay. 

(d) Ifa is not in AY, then there exists a 8 such that B > y and a is in 
A® but not in Ag. 


The set of subgroups A,, AY of A will be called the I-chain of A and the 
quotient group AVY/A,, will be called the y-factor of A. The set of all y-factors 
of A will be denoted by K(A). If no y-factor of A is 0, and a=4 8 implies 
(Aa, A*) * (Ag, A¥), then A is a proper T-group. 


Remark. If (d) is omitted from this definition, then a number of the 
following theorems are still valid. 

y is a value of the element a in the T-group A if a is in AY but not in Ay. 
The set of all values of a will be denoted by I%. Obviously I* is vacuous if 
and only if a0. For a TI-group A we have the following properties. 


I. The element a is in AY (Ay) if and only if none of the values of a 
is greater than y (greater than or equal to y). 


Proof. Let a40 be an element in A and assume that one of the values 
of a, say 8, is greater than y. It follows from (b) that AYC Ag. Since a 
is not in Ag, a is not in AY. If a is not in AY, then by (d) there exists a 
value 8 of a such that 8 > y. The remainder of the proof is a consequence 
of the fact that a is in A, if and only if a is in AY and y is not a value of a. 


II. If none of the values of a and b is greater than y (greater than or 
equal to y), then none of the values of a+b and ra is greater than y 
(greater than or equal to y). 


Proof. This is a consequence of I and the fact that A, and AY are 
hR-subgroups. 


III. I is trivially ordered for every a0 in A. 


Proof. Suppose « and B are values of a. If «< , then A*C Ag; 
hence, as a is not in Ag, ais not in A* either. Therefore @ is not a value of a. 

Properties I to III show that the values form a valuation as indicated 
in the introduction. Accordingly we make the following definition. 

A T-valuation of a group A is obtained by assigning to every a40 in 
A a non-empty trivially ordered subset I of T, called the set of values of a, 
subject to the requirement that if none of the values of a and 6 is greater 
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than y (greater than or equal to 7), then none of the values of a+ b and 
ra is greater than y (greater than or equal to y). 


THEOREM 1.1. A group A with a defimte T-valuation can be made into 
a T-group by letting 


AY = totality of elements, none of whose values 1s greater than y. 


A, = totality of elements, none of whose values is greater than or 
equal to y. 


The valuation defined by this T-group is the original one. 


Proof. It follows from the definition of a T-valuation that AY and A, 
are R-subgroups of A for every y in T. It is obvious that A,C AY and 
that « << 8 implies A*C Ag. If y is a value of a in A, then a is not in Ay, 
but a is in AY, since there does not exist any value 8 of a such that B > y. 
Conversely, if a is in AY but not in Ay, then y is a value of a. Therefore y 
is a value of a if and only if a is in AY but not in Ay. 

Since the set of values of a4 0 in A is not empty, there exists at least 
one y such that a is in AY but not in Ay. If ais not in AY, then there exists 
a value of a, say 8, such that B > y; hence a is in A® but not in Ag. 

Therefore a T-group may be defined directly or in terms of a I'-valuation, 
and this fact will be used in the following theory. Unless otherwise stated, 
A, B,C, D will always denote T-groups, and every subgroup S of A will be 
considered as a T-subgroup with T-chain 


Sy= SN A, and 8SY=S8N AY for every y in T. 
A [T-subgroup of a proper I-group is not necessarily proper. 


Construction of T-Sum. A subset ® of T satisfies the A. C. C. (ascending 
chain condition) if every non-empty subset of & contains a maximal element. 
We say that almost every element y in a subset ® of I has a certain property 
(P), if the A.C.C. is satisfied by the set of y’s in ® that violate (P). 
Given a set of R-groups B(y) defined for each y in T, let V = V(T, B(y)) 
be the set of all vectors b = (- - -,b,,- - -) where b, is in B(y) and almost 
every b, is 0. If addition and multiplication (by elements in FR) are defined 
componentwise, then V is a group, since the join of two subsets of I which 
satisfy the A.C.C. also satisfies the A.C.C. The y-th component of an 
element v in V will be denoted by vy. If we define 


Vv = totality of elements v in V such that va = 0 for all a > y, and 


V., = totality of elements v in V such that va = 0 for all «= y, 
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then it follows by a straightforward proof that V is a I-group, and the values 
of v are the maximal y’s with vy 0. This I-group V will be called the 
T-sum of the B(y). 

We shall denote by Vr the restricted direct sum of the B(y), %.¢., the 
totality of all vectors b = (---,b,,: --) where all but a finite number of 
the components are zero. Obviously Vr C V C complete direct sum of the 
B(y). If T is trivially ordered or if I is inversely well ordered, then the 
T-sum V is equal to the complete direct sum of the B(y). If A is a I-group, 
then we can form the T-sum of the y-factors AY/A, of A; and this T-sum 
we shall denote by V(A). 


2. W-isomorphisms and decompositions. A I-isomorphism o of A into 
B is an isomorphism of A into B with the additional property that y is a 
value of a in A if and only if y 1s a value of ao in B. This property is 
equivalent to 


Avo = BY Ao, Ayo = By Ao for every y in T. 


inverses and products (if defined) of I'-isomorphisms are I-isomorphisms. 
Isomorphisms will be denoted by =, p, ¢, 7 so that they will be distinguishable 
from the elements @, y,8 of I. 

Our goal is to prove that if R is a skew field, then A is I-isomorphic to 
a subgroup of V(A). In order to express the fact that V(A) is, in a sense, 
a minimal containing ['-sum, we make the following definition. The subgroup 
B of A is a c-subgroup of A (or A is a c-extension of B) if AY=A,+ Bo 
for every y in T. A is c-closed if there does not exist any proper c-extension 
of A. T-isomorphisms map c-subgroups upon c-subgroups; hence c-closed 
groups upon c-closed groups. c-subgroups of c-subgroups are c-subgroups. 
Because of the natural isomorphism 

AV/Ay = (Ay + BY)/A, = BY/(BYQ Ay) = BY/B, 

A and its c-subgroup B have essentially the same y-factors. If B is a sub- 
group of A, then for every y in I the natural isomorphism xw(y) of BY/B, 
into A¥/A, maps the coset X of BY/B, upon the coset = A,+ X of 
Av/A,, since AYN B= BY and B=B,. These w(y) induce a I-iso- 
morphism z of V(B) into V(A) by the rule that (vr), ==vyr(y) for v 
in V(B). z will be called the natural Tsomorphism of Vi.) into V(A). 

Clearly the following statements are equivalent: 

(a) B is a c-subgroup of A. 

(b) (BY/B,)x(y) = A/Ay for every y in I. 
(c) V(B)r=V(A). 
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To construct the desired [-isomorphism of A upon a c-subgroup of V(A) 
we make use of the following concep! 
Definition 2.1. A set T of subcroups T,, defined for every y nT, ts a 
decomposition of A tf 
(i) Ay=AYNT, for every y in 
(ii) A=AY+T, for every y in TI. 
(iii) Hvery a in A ts in almost every T,. 
It is clear that T-isomorphisms map decompositions upon decompositions. In 
section 3 we prove that a T-group over a skew field of operators possesses a 
decomposition. The following example shows that this is not true for every 
I-group. 
Example 2.2. Let A be the direct sum of C and D where C and D are 
the additive group of rational numbers, FR is the null set, and 


0O—A,C 


is the T-chain of A. Consider the subgroup B of A that is generated by 
(1/2, 1/2) and all elements of the form (0,1/p) where p is an odd prime. 
If B possesses a decomposition T, then by (i) and (ii) of Definition 2.1, 
B is the direct sum of Bt and T,. But it is easy to prove that B1— A1N B 
is not a direct summond of B. 


Lemma 2.3. If Bis a subgroup of A, T is a decomposition of A, and S 
is a decomposition of B such that SCT (1.2, Sy OT, for every y inT), 
then S=BOT (i.e, Sy=BOT, for every y in T). If B=A, then 
S = T; hence every decomposition is maximum and minimum. 

Proof. B=T,N(S8,+ BY) =8,+(T,/N BY) 

= Sy +(TyN AYN BY)= 8, + BY) = + By = 
If V is a T-sum, then the subgroups NV, = totality of elements v in V such 
that v0, form a decomposition N of V. WN will be called the natural 
decomposition of V. 

TueorEM 2.4. If T is a decomposition of A, then the mapping T of a 
in A upon aT = (Ty -) ts a T-tsomorphism of A upon 
the c-subgroup AT of V(A). If y is a value of ain A, then (aT), A, +4. 


Proof. By a well-known isomorphism law we have 


= (AY 4- Ty) /T = At/(T AY) AY/A,, 
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and we denote by 7(y) the natural homomorphism of A upon AV/(T7',M A’). 
For any a in A, aT is a well determined element in V(A), since a is in 
almost every 7’,; hence almost every (a7), is 0. (aT’)y—ar(y) for every 
yinI. Therefore 7 is a homomorphism, since every 7(y) is a homomorphism. 
If af =0, then a is in (VPy: but Payee (since any element a0 

in A has at least one ae say a, and a is not in Ja). Therefore T is an 
isomorphism of A into V(A). 

It follows from the definition of a T-group that A® C {) Ay, and since 
A, for every y in T, we have A* C Ay C f) Ty. Tia is not in AP, 

then there exists a value § of a such that 6 > 8; hence a is not in 7's, so 
that a is not in T,. Therefore = T, and ASNT. Hence 
Y>B v>B 

B is a value of a in A if and only if (a7).—0 for all y>®8 and 
(aT) g = (Tg +a)N A8=Ag+aA~Az; thus T is a T-isomorphism. 

For any y in and any Z~ A, in AV/A,, Z =A, -+ a where y is a value 
of a. (aT),—Z and (aT)s5—0 for every 8>~y; hence AT is a c-sub- 
group of V(A). 


Remark. If (d) in the definition of a T-group is omitted, then T is 
still an isomorphism and AYZ CV(A)7N AT, but in general we cannot 
claim equality. T will always denote the T-isomorphism that is induced by 
the decomposition T. 


CoroLuary I. If S and T are any two decompositions of A, then S=T 
if and only if S=T. 


Proof. The only if is obvious. If S=4 7, then we may assume without 
loss of generality that there exists an a in Sy but not in 7’, for some y in I. 
(aS), and (aT), ~0; hence SAT. 


Corotuary II. If Bis a subgroup of A, x ts the natural T-tsomorphism 
of V(B) into V(A), T is a decomposition of A, and § is a decomposition of 
B such that SCT, then T induces Sr. 


Proof. (bS)yw(y) = Ay +(b8)y = Ay +( (Sy + BY) 
Ty) +( (Sy BY) = AYN (Ty +((Sy + 6)N 
= (Ty + By + ((Sy +) BY)) = AYN (Ty + By +b) 
(T,+ 6) = ». 


LemMA 2.5. If B ts a c-subgroup of A and T is a decomposition of A, 
then S=BT ts a decomposition of B. 
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Proof. (i) BYN Sy=BYN(BNT,) =BYN AYN Ty =BYN Ay = By. 


(ii) B=BNA=BN(AY+T,) =BN(BY+A,+ Ty) 


(iii) Every 6 in B is in almost every S,, since an element of B is in Sy 
if and only if it is in Ty. 


Remark. If B is merely a subgroup of A, then BQ T is not necessarily 
a decomposition of B. For instance, let A and B be the groups in Example 
2.2 and let T be the natural decomposition of A. 


CorotLary. There exists a decomposition of A tf and only tf A ts 
T-isomorphic to a c-subgroup of V(A). 


Proof. The necessity is part of the content of Theorem 2.4. Assume o 
is a T-isomorphism of A upon a c-subgroup C of V(A). By Lemma 2. 5, 
N 2 C is a decomposition of C where N is the natural decomposition of V(A). 
o maps VN 1 C upon a decomposition of A. 


Excursus on ordered E. We shall denote by I, the set of all values 
of elements in A. If A is a proper [-group, then T=‘. [I ts ordered if 
and only if every element a0 in A has at most one value (hence one and 
only one value). 


Proof. If YT is ordered, then since T™ is non-empty and trivially 
ordered for every a=40 in A, I is a one-element set. Assume that every 
element in A has at most one value. Consider an element a in A and suppose 
a is the value of a. If a@ is not in A,, then either y is a value of a so that 
y = or @ is not in A’, in which case there exists a value of a that is greater 
than y; hence « >y. Therefore if a is the value of a and ya, then a 
is in A,. Given a, B such that Ag C A* and Ag C AB, assume a + 8 and 
Ba. Let a be of value a and b be of value 8; then a is in A* and Ag but 
not in Ag, and b is in A* and A, but not in Ag. Therefore B and a are 
values of a+ b, a contradiction. 


If ™ is ordered, then the following statements are equivalent: 
(i) V(A) has no proper c-subgroups. 

(ii) V(A) =Vr(A). 

(iii) 4 ts well ordered. 


Proof. Let V=V(A). Clearly Vr is a c-subgroup of V; hence (i) 
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implies (ii). Given V = Vy, assume that TF is not well ordered; then there 
exists an w* sequence of elements of [4. But this implies V D Vy, a contra- 
diction. Therefore (ii) implies (ili). 

Suppose that I is well-ordered, and let B be a proper c-subgroup of V. 


There exists a y in I such that VY D B” since, otherwise, V = (J V7 
ver 


=|) By=B. Let B be the first element in [4 such that V6 D B®, Assume 
(by way of contradiction) that Vg—= Bg. There exists an element a in V4 


but not in Bg = Vg. Since B is a c-subgroup of V, there exists an element 
b in B such that a==b mod Vg = Bg. Therefore a is in B, a contradiction. 
Hence Bg C Vg. There exists an element v in Vg but not in Bg. v has one 
and only one value a, and necessarily «< ~. Therefore B* C V*, contra- 
dicting our choice of 8; hence (iii) implies (i). 

If T4 is W. 0. and T is a decomposition of A, then AT=V(A). For 
AT is a c-subgroup of V(A), and V(A) has no proper c-subgroups. 


3. Existence and embedding theorems. In this section we prove that 
if R is a skew field, then there exists a decomposition of A so that A is 
T-isomorphic to a c-subgroup of V(A). In order to prove this, we make use 
of the well known complementation theorem: If G is an abelian operator 
group with respect to a skew field of operators and H is an admissible sub- 
group of G, then there exists an admissible subgroup J of G@ such that 
G=H @ J. 


Existence THEorEeM. I[f R is a skew field, B is a subgroup of A, and 
S is a decomposition of B, then there exists a decomposition T of A such 
that S=BNT. 

Proof. There exists a well ordered ascending chain of subgroups W(z) 
of A such that 

(a) W(0) =B. 

(b) W(a#+1) Ra for some a—a, in A. 

(c) If y is a limit ordinal, then W(y) is the join of all W(x) for # < y. 

(d) W(z) =A for some ordinal z. 


We use induction. Suppose that for all x < y we have defined a decomposi- 
tion T(x) of W(x) such that T(x) D T(z) for allz <a. 


Case I. y is a limit ordinal. Define T(y) =U T(z) (i.e., for any y 
acy 


in T(y)y is the set-theoretical join of all T(x), << y). Clearly T(y), 
is a subgroup of W(z). 


(i) T(y)yO W(y)¥ = W(y)y. 
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If c is in W(y),y, then c is in W(x) for some x<y; hence ¢ is in 
W(2)N W(y)y = W(x)y C T(y)y, and therefore is in T(y)yM W(y)’. 
If c is in T(y),M W(y)’, then ¢ is in T(x), for some x < y; hence c is in 
W(y)’ W(a2)N Wy)’ = Thus ¢ is in W(x)? 
= W(x2)N W(y),, and therefore is in W(y)y. 

(ii) T(y)y+ W(y)7 = 
Obviously T(y)y+ W(y)?7C W(y). If ¢ is in W(y), then c is in W(a) 
for some x < y; hence c=a-+b where a is in W(az)7 and 0 is in T(@)y. 
Since C W(y)7 and T(z), C T(y),y, ¢ is in T(y)y+ W(y)”. 

(iii) Every c in W(y) is in almost every T(y),. 
For if c is in W(y), then c is in W(x) for some x < y; hence ¢ is in almost 


every T(x), Since T(x) C T(y), ¢ is in almost every 


Case Il. y=x+1. The proof for this case is a consequence of the 
following lemma. 


Lemma. If R is a skew field, C=D@ Re for c~0 in C and Sitsa 
decomposition of D, then a decomposition of C is defined by: 


Cy +S, for y in T such that C=CV-+ 
S,-+ Re for y in T such that CACY+ 


Proof. If 8, (if and only if Cv’ D> D’, since Dv + 8, =D 
and C “covers” D) then 

(i) CYNTy=CVN (Cy + Sy) = Cy +(07N Sy) 

= Cy +(C7N DN By) = Cy +(DVN By) = Cy + Dy = Cy 

and 

(Gi) 8, =C. 
If CAC’+ 8, (if and only if CY = Dv and hence C, = D,) then 

(i) CYINT,=C),. 

S,C (S,+ Bc)N DC 8,+ Re. 
Since + Re covers 
Sy (Sy Re) M D. 
Therefore 
Ty = DIN DN(8,+ Be) = DIN 8, = Dy = C). 

(ii) RkRe=D+ Re=C. 
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Assume that c is not in almost every 7’; then there exist T’,, 
(4 = 1, 2,3,- - -) such that < and c is not in T,,. Since 
is not in T,,, C=C%-+S8,,; hence c—c;+ where is in CY and 
sis in Sy,. If ¢ is in Cy,, then c is in T,,, a contradiction. Therefore y; 
is a value of ¢. is in D. is in C“CC,, for 
+>1. Therefore y; is a value of c,—c, for i>1; hence s, is not in S; 
fort >1. Thus 8 is not a decomposition of D, a contradiction. Therefore 
c is in almost every 7’y. 

Consider any 6 in C. b=b’+ re where WD’ is in D and ris in R. Let 


r'(b) = (y in T such that 0b is not in T,) 


r(b’) = (y in T such that 0’ is not in T,) 

( null set if r—0O 

1 if 
Therefore ['(rc) satisfies the A.C.C. b’ is in T, if and only if 0’ is in Sy; 
hence ['(b’) satisfies the A.C.C. T'(b) C1(b’) Therefore 
satisfies the A. C. C.; hence every 6} in C is in almost every 7’, This proves 


I'(rc) = (y in T such that re is not in 7',) = 


the lemma. 

The induction is now complete; hence there exists a decomposition 7 of 
A such that TOS. By Lemma 2.3, S=TN B. 

By letting B = 0 in the existence theorem we have 


Corottary I. Jf R is a skew field, then any Y-group possesses a 
decomposition. 


EMBEDDING THEOREM. If R is a skew field, then there exists a T-iso- 
morphism o« of A upon a c-subgroup of V(A) with the additional property 
that (ao), —Ay-+a for every a in A and every y in T. 


Proof. By Corollary I there exists a decomposition T of A. o=—T is 
a T-isomorphism of A upon a c-subgroup of V(A) with the desired property. 

In order to investigate the class of all T-isomorphisms of A upon a 
c-subgroup of V(A), we first consider the T-automorphisms of V(A) that 
are induced by “automorphisms” of K(A). If, for every y in I, o(y) is 
an automorphism of AY/A,, then the set of the o(y) will be called an auto- 
morphism of K(A). Any T-automorphism of A induces an automorphism 
of K(A). Any automorphism o(y) of K(A) induces a T-automorphism o 
of V(A) which is defined by the rule 


(bc) y= byo(y) for every b in V(A) and every y in IT. 


Therefore any T-automorphism of A induces a [-automorphism of V(A). 
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A T-automorphism of V(A) that is induced by an automorphism of K(A) 
will be called special. 


Lemma 3.1. If Band C are c-subgroups of the T-sum V = V(T, B(y)) 
and o is a T-isomorphism of B onto C, then the following properties of o are 
equivalent : 


(i) o ts induced by a special T-automorphism of V. 
(ii) For every b in B and every y, by =0 tf and only if (bc), =0. 


Proof. Clearly (i) implies (ii). Assume (ii) is true. o induces an 
automorphism of K(V) and hence an automorphism o(y) of B(y), for every 
y in ©. Let b~0 be any element in B and y any element in I such that 
b, 0. Since B is a c-subgroup of V, there exists an element c in B with 
Cy = by, and for every >y. Therefore Since 
(b—c),y=—0, 0 = ((b—c)o)y = (bo — = — (co). Therefore 
(bo) = byo(y) ; hence (bo)a = bao(a%) for every ain I. Thus is induced 
by the a(y). 


Corotiary. If V is a T-sum, o is a T-automorphism of V, and N is the 
natural decomposition of V, then the following statements are equivalent: 
(i) o ts special. 
(ii) o leaves N invariant. 
(iii) 6,0 if and only if (bo), —0 for every b in V and every y. 
This is an immediate consequence of the lemma, where B=C = V. 
Lemma 3.2. If o is a T-isomorphism of A upon a c-subgroup of V(A), 


then o =0'o” where o’ is induced by a decomposition of A and o” is a special 
T-automorphism of V(A). 


Proof. Let N be the natural decomposition of V(A); then by Lemma 
2.5, Aa N N is a decomposition of Ac. Hence T = (Ao NM N)o™ is a decom- 
position of A. Let o’ =T; then for any element c in Ao’ and y in I, the 
following statements are equivalent: cy co’ is in T, = (AoN N),077; 
is in (AoN N)y; (co’*c)y—0. Therefore by Lemma 3.1, is 
induced by a special T-automorphism o” of V(A) ; hence o = o’o”. 


CoROLLARY. o is a decomposition-induced T-isomorphism if and only if 
(ao) y= A,-+ a for every ain A and every y in ™. 


Proof. The necessity of this condition follows from the properties of a 
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decomposition-induced I-isomorphism. Assume the condition is satisfied, let 
a be any element in A, and suppose y is in I; then Ay-+a= (ao)y 
= = (Ay + a)o’(y). Therefore o”’(y) =1; hence o”’ 80 
that o =o’. 


THEOREM 3.3. If R is a skew field, B is a subgroup of A, w ts the 
natural T-isomorphism of V(B) into V(A),and o is a T-isomorphism of B 
upon a c-subgroup of V(B), then ox is induced by a T-isomorphism + of A 
upon a c-subgroup of V(A). 


Proof. By Lemma 3.2, o = Sp for some decomposition S of B where p 
is a special T-automorphism of V(B). By the existence theorem there exists 
a decomposition 7 of A such that S=BOT. By Coroilary II of Theorem 
2.4 T induces Sz. 

The special T-automorphism 74pm of V(T,(Ay-+ BY)/A,) can be extended 
to a special T-automorphism p of V(A). For AY/Ay = (Ay + B”)/A, ® Dy. 
Therefore X in AY/A, has a unique representation Y = Y + Z where Y is in 
(A, + BY)/A, and Z is in Dy. Define Xp = Yatpr+Z. Then is 
a T-isomorphism of A upon a c-subgroup of V(A) and +r induces Sx pr 


== Spr = o7 on B. 


Remark. If (bc), —B.,-+ 6 for every 6 in B and every y in I, then 
there exists a r such that (ar), = A,-+ a for every a in A and every y in I’. 
For o—S and r=T will do. Hence in this case we have a restatement of 
the existence theorem in terms of I-isomorphisms. 


4, Extension theorem for W-isomorphisms. 


TuHEorEM 4.1. If R is a skew field, then the following properties of a 
T-group A are equivalent. 


(i) A 4s c-closed. 

(ii) ALT —V(A) for every decomposition T of A. 
(iii) AT V(A) for at least one decomposition of A. 
(iv) There exists a T-isomorphism of A upon V(A). 


Proof. Assume (i) is true; then AT is c-closed for every decomposition 
T of A. Hence, since V(A) is always a c-extension of AT, AT =V(A). 
Thus (i) implies (ii). By the existence theorem there exists at least one 
decomposition of A, hence (ii) implies (iii). Clearly (iii) implies (iv). 
To complete the proof, it is sufficient to show that V(A) is c-closed. Let 
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C be any c-extension of V and WN the natural decomposition of V. By the 
existence theorem there exists a decomposition 7 of C such that TN. By 
Corollary II of Theorem 2.4, 7 induces Nz on V where = is the natural T- 
isomorphism of V(V) upon V(C). Thus V(C) =V(V)x=VNx=VT 
CCT CV(C); hence —CT, and V—C. 


Remark. It suffices to replace the hypothesis that R is a skew field by 
the assumption that V(A) is c-closed and A possesses a decomposition. 


Corotiary. If R is a skew field, then V(A) 1s c-closed. 


A T-isomorphism o of B upon C induces an isomorphism of K(B) 
upon K(C) (a set of isomorphisms o(y) of BY/B, upon C7/C,, for every y 
in The set of o(y) induces a T-isomorphism of V(B) upon V(C). 


EXTENSION THEOREM For [-IsomMorPHIsMS. Suppose R ts a skew field, 
B and C are subgroups of the c-closed groups A and D respectively, and o 
is a T-tsomorphism of B upon C. o can >e exiended to a T-tsomorphism of A 
upon D if and only if the isomorphism of K(B) upon K(C) that is induced 
by o can be extended to an isomorphism of K(A) upon K(D). 


Proof.t The necessity is trivial. Let S be a decomposition of B; then 
T = So is a decomposition of A. Extend § to a decomposition S* of A 
and 7’ to a decomposition T* of D. S8* and T* are T-isomorphisms onto, by 
Theorem 4.1. Next let o induce isomorphisms o(y) of BY/B, upon Cv/C, 
which, by hypothesis, are extendable to isomorphisms r(y) of AY/A, upon 
Dv/D,. These r(y)’s induce a T-isomorphism + of V(A) onto V(D). 
S*rT*= is the required T-isomorphism of A upon D. To show this we need 
only show that it induces o on B. For this it suffices to show bS*r = bo T* 
for every b in B. But (b8*r)y = (bSr)y = (b8),0(y) = (b + 8, + By)o(y) 
= bo + syo + C, where s., is chosen so that 6 + s, is in BY and the last step 
is the definition of o(y). But then s,o is in 7, and be + 8,0 is in CY, so 
that be + s,o + Cy = ((bc)T). = ((bc)T*)y as desired. 

By obvious specializations we obtain the following corollaries (if R is a 
skew field). 


I. The c-closed groups A and D are Y-isomorphic if and only if K(A) 
is isomorphic to K(D). 


II. Jf B and C are c-subgroups of the c-closed groups A and D respec- 
tively, and o is a T-isomorphism of B upon C, then o can be extended to a 


T-isomorphism of A upon D. 


1 The author wishes to thank the referee for suggesting this proof. 
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III. (a) Any two c-embeddings of A into V(A) are conjugate. 


(b) c-closed c-extensions are equivalent. 


Here we say that the subgroups B and C are conjugate if there exists a 
T-automorphism o of A such that Bo =—C. A and D are equivalent exten- 
sions of B if there exists a T-isomorphism o of A upon D such that bo = bd 
for every b in B. Ifo is a T-isomorphism of A upon a c-subgroup of V(A), 
then Ao will be called a c-imbedding of A into V(A). 


5. Groups of F-automorphisms. We shall make use the the following 
notation. A(A) denotes the group of all [-automorphisms of A. A,)(A) 
denotes the group of all T-automorphisms of A that induce the identity auto- 
morphism on K(A). The T-automorphisms belonging to this group will be 
called proper. A(K) denotes the group of all automorphisms of K(A). 
The mapping of o in A(A) upon @ in A(K) (where @ is the automorphism 
of K(A) that is induced by «) is a homomorphism of A(A) into A(K) with 
kernel A,(A), hence A,(A) is normal in A(A). If A is c-closed and RP is a 
skew field, then the homomorphism is onto. 


Lemma 5.1. If T is a decomposition of A, o is a T-automorphism of A, 
and + is the special T-automorphism of V(A) that ts induced by o, then 
oT is induced by one and only one decomposition of A. 


Proof. oTz* is a T-isomorphism of A upon a c-subgroup of V(A). If 
ain A has value y, then ao has value y; hence 


(aoTr)., = (aoT) yo = + = (Ay + = Ay + 4. 


By the corollary of Lemma 3. 2, there exists one (and hence only one) decom- 
position S of A such that S = oTr". 


Note, if o is in A)(A), then is the identity; hence o = ST. 


TuEorEeM 5.2. If A possesses a decomposition and AT =V(A) for 
every decomposition T of A, then 

(a) the set IL of all T-isomorphisms of A upon V(A) that are induced 
by decompositions of A is a “ coset” (i. e., if S and T and U are decompositions 
of A, then is in 

(b) A,(A) =the totality of all ST for decompositions S, T of A. 

(c) A(A) = the totality of all SrT- for decompositions 8S, T of A and 
all special T-autmorphisms +r of V(A). 


Proof. (a) Let 8S, T and U be any three decompositions of A; then 
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STU is a T-isomorphism of A upon V(A). If y is a value of a in A, then 
(aST“U).,—=A,-+ a. Therefore, by the corollary of Lemma 3. 2, there exists 
one and only one decomposition W of A such that W = STU. 


(b) By Lemma 5.1 any proper I-automorphism of A is the quotient of 
two decomposition-induced [-isomorphisms of A. Let 8, T be any two decom- 
positions of A; then ST-1 is a proper T-automorphism of A. 


(c) Since A possesses a decomposition, by Lemma 5.1 any I-automor- 
phism of A is of the form S77-* where S and T are decompositions of A and 
z is a special [-automorphism of V(A). Any such Sr7- is a T-automorphism 
of A. 


Remark 1. If R is a skew field, then by Theorem 4.1 and the existence 
theorem, any c-closed group satisfies the hypotheses of Theorem 5. 2. 


Remark 2. If the decomposition T of A is kept fixed, then there exists 
a 1-1 mapping of A,(A) upon the set I* of all decompositions of A. I.e., 
o in A,(A) maps upon 8 in II* such that o— ST". If multiplication in II* 
is defined by UoV—=W where W—UT"*V, then the mapping is an 
isomorphism. 

In the author’s thesis, of which this paper is a part, two applications 
are made of the preceding theory. First a study is made of conjugate 
elements and characteristic subgroups of c-closed groups. Then the theory 
is applied to torsion free abelian groups. The results of the second application 
are contained in the next chapter. 


Chapter II. Abelian Groups Without Elements of Finite Order. 


In this chapter we shall attempt to apply the theory of Chapter I to 
abelian groups without elements of finite order (except 0). Such a group 
may always be considered as an abelian group with the integers for operators. 
If in particular such a group A satisfies A = nA for every positive integer n, 
then A is called division closed (notation d-closed); and it is possible to 
consider in a. natural way the field of rational numbers as a field of operators 
for A. Hence all of the preceding results apply if we restrict our attention 
to d-closed groups. 

In the next section we show that the preceding results can also be applied 
to groups (and sub-groups) that are not d-closed. In order to do this the 
definition of valuation has to be slightly amended, since certain properties 
which we usually deduced from the field properties (in a trivial fashion) 
now become independent. Accordingly we add to the definition of a T-valua- 
tion the requirement 
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(iii) @ and na have the same values for every a and every n= 0. 


This requirement is easily seen to be equivalent to the property 


(e) Ay and AY are relatively d-closed in A for every y in IT, 


which we add to the definition of a T-group. Here we term a subgroup S 
of A relatively d-closed whenever A/S is free of elements of finite order. 
Hence y-factors of a I'-group contain no elements of finite order. Throughout 
this chapter [-group will mean an abelian group without elements of finite 
order that is also a T-group. As before, A, B, C, D will always denote 
I-groups. 


1. Generalized existence and embedding theorems. An observant 
reader will notice that the theory in this section can be extended practically 
without any change in argument to R-I-groups where RF is an integral domain 
and ra = 0 implies either r= 0 or a= 0 (and even more general structures), 
since such an RF can be embedded into one and essentially only one quotient 


field. 


THEOREM 1.1. For any T-group B there exists one and essentially only 
one d-closed T-group A such that 


(i) Bis aT-subgroup of A. 


(ii) Jf ais m A, then na is in B for some positive integer n. 
(i.e., any other d-closed T-group that satisfies (i) and (ii) is equivalent to 
A.) Such an A will be called the d-closure of B. 


Proof. It is well known that for any abelian group B without elements 
of finite order there exists one and essentially only one d-closed extension 
A of B such that (ii) holds. If we define A,‘ AY) to be the d-closure of 
B,(BY) in A, then (T,A,y,AY) is a T-chain of A and By—=BN A,, 
BY = BN A’; hence B is a [-subgroup of A. 

Suppose o is an isomorphism of A upon a group U ~ B such that bo = b 
for every } in B. Consider any a in A and suppose inat @ is a value of a; 
then ther exists a positive integer n such that na is in B. The following 
statements are equivalent: « is a value of a; @ is a value of na; n(ac) 
= (na)o = na is in B* but not in Bg; «@ is a value of ac. Therefore o is a 
T-isomorphism. 


LemMA 1.2. If every y-factor of B is d-closed and A is the d-closure 
of B, then A is a c-extension of B. 
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Proof. AY A,-+ BY. Consider any a in A with value y. There exists 
a positive integer n such that na is in BY. Since BY/B, is d-closed, there 
exists an element c in BY such that nc=namod By. Therefore n(a—c) 
is in B,; hence a—c is in Ay. Thus a is in BY+ Ay. 

If A is d-closed, then every y-factor of A is d-closed. If every y-factor 
of A is d-closed, then V(A) is a d-closed group. 

If T is a decomposition of A, then the 7. are relatively d-closed in A. 
For assume na is in T, where a is in A and n is a positive integer; then 
since aa’ + ¢ where a’ is in AY and ¢ is in Ty, no=na’+ nt. Hence 
na’ =na—nt is in T,—A,. Therefore a is in A, hence a 
is in T7.,. In particular, if A is d-closed, then so are the 7’. 


Lemma 1.3. If A is the d-closure of B and S is a decomposition of B, 
then the d-closure T of S in A (1. e., Ty = d-closure of S, in A) 1s the one 
and only decomposition of A such that S=BQ T. 


Proof. (i) T= (d-closure of S, in A) ~ (d-closure of B, in A) = Ay. 
Therefore A, C AY T.,. Assume there exists an element 0 of value y in 7’y. 
nb is in S,, for some positive integer nm and y is a value of nb. This contra- 
dicts the fact that S is a decomposition of B. Therefore A, = A’ T’,,. 


(ii) AD AVY+T,. Let a be any element in A. na is in B for some 
positive integer n; hence na=b-+s—nb’+ ns’ = n(b’ +3’) where is 
in BY, s is in S,, b’ is in AY, and s’ is in T'y. Therefore a=s’ + BD’ is in 
Av + T,,. 


(iii) Every element a in A is in almost every Ty. For na is in B for 
some positive integer n; hence na is in almost every S,. Thus, as T7',’s are 
d-closed, a is in almost every T,. 


Therefore TJ is a decomposition of A and T 8S; hence, by Lemma I: 2. 3,? 
S=T7. 8B. Consider any decomposition U of A such that S=UNB. 
U, 8S. and U,, is d-closed; hence U.—- d-closure of S, in A. Therefore 
UT; hence, by Lemma I: 2.3, U = T. 


GENERALIZED EXISTENCE THEOREM. If B is a subgroup of A, every 
y-factor of A is d-closed and § is a decomposition of B, then there exists a 
decomposition T of A such that S=Bn T. 


Proof. Let C be the d-closure of A. BC B* —d-closure of B in C. 
S C 8* = d-closure of S in B*. By Lemma II:1.3, S* is a decomposition 


*TLemma I: 2.3 denotes Lemma 2.3 in Chapter I. Similarly, Lemma II: 1.3 will 
denote Lemma 1.3 in Chapter II, ete. 
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of B*. By the existence theorem there exists a decomposition U of C such 
that S* = B* U. By Lemma II:1.2, A is a c-subgroup of C; hence, by 
Lemma I: 2.5, T= ANU is a decomposition of A. 


BNOT=BNANU =BNU=BNBNU=BN 


CorotuaRy. If every y-factor of A is d-closed, then A possesses a 


decomposition. 


Therefore the hypothesis that A is an R-group and RF is a skew field may, 
wherever it occurs, be replaced by the hypothesis that every y-factor of A 
is d-closed. Hence we have the 


GENERALIZED IMBEDDING THEOREM. If every y-factor of A ts d-closed, 
then there exists a T-isomorphism o of A upon a c-subgroup of V(A) with 
the additional property that 


(ao) y= for every a in A and every y in T™. 


Corottary. If A is any T-group and C is its d-closure, then there exists 
a T-isomorphism o of A upon a subgroup of V(C) such that 


(ac) y=Cy +a for every a in A and every y in T™. 


Proof. By the embedding theorem there exists a T-isomorphism o of 
C upon a c-subgroup of V(C) such that(co),—C,-+ c¢ for every c in C and 
every y in I’. Therefore Ao is a subgroup of V(C). y is a value of a in 
A if and only if y is a value of ain C. Therefore (ac), —C,-+ a for every 


ain A and every y in I“. 
THEOREM 1.4. Hvery T-sum of torsion free abelian groups is c-closed. 


Proof. Let B be a T-sum and assume that C is a proper c-extension of B. 
Let A be the d-closure of C and let N be the natural decomposition of B. 
ADC DB. BN=V(B). By the existence theorem there exists a decom- 
position 7 of A such that T induces Nx on B where z is the natural [-iso- 
morphism of V(B) into V(A). Br =V(B)r=V (TI, (A,+ BY)/A,), a 
T-sum. Let c be any element in C but not in B. cI —a-+b where the 
non-zero components of b are the non-zero components of cT that are in BT 
(i. e., of the form A,-+ d where d is in B) and the non-zero components of a 
are the non-zero components of cT that are not in BT. Since BT is a T-sum, 
b is in BT; hence ais in CT. If a0, then cT is in BT, a contradiction. 
Therefore a has at least one value, say y. Since BT is a c-subgroup of CT, 
there exists a d in BT with d,—a,. Therefore a. is a component in BT, 
a contradiction. Thus there does not exist a proper c-extension of B. 
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THEOREM 1.5. If A possesses a decomposition, then the following 
statement are equivalent: 


(i) A ts c-closed. 

(ii) AT —V(A) for every decomposition T of A. 

(iii) AT —V(A) for at least one decomposition T of A. 
(iv) There exists a T-tsomorphism of A upon V(A). 


Proof. This is an immediate consequence of Theorem II:1.4 and 
Theorem I: 4.1. Obviously the hypothesis that every y-factor of A is d-closed 
may be substituted for the given one. 


THEOREM 1.6. For any A there exists at least one c-closed c-extension. 


Proof. Let A* be the d-closure of A. By the embedding theorem, 
ACA*CV(A*). There exists a maximum c-extension of A in V(A*), 
say M. Let M* be the d-closure of M in V(A*); then M* is a c-subgroup 
of V(A*). 

Let N be any c-extension of M and let N’ be the d-closure of NV; then 
MCNCWN’CV(N’). Let M’ be the d-closure of M in V(N’); then M’ 
is a c-subgroup of V(N’). 

By Theorem II:1.1 there exists a T-isomorphism o of M’ upon M* 
such that mo =m for every m in M. By Corollary II of the extension 
theorem for [-isomorphisms, o can be extended to a T-isomorphism of V (N’) 
upon V(A*). Therefore No is a c-extension of M in V(A*); hence, 
as M is a maximum c-extension of A in V(A*), No=—M. Therefore 
N = Noo" = Mo = M. 


THEOREM 1.7%. Jf B and C are c-closed c-extensions of A and every 
y-factor of A is d-closed, then 

(a) Band C are d-closed groups that are T-isomorphic to V(A). 

(b) Band C are equivalent extensions of A. 

Proof. (a) follows from Theorem II:1.5 and the fact that K(A), 
K(B) and K(C) are essentially the same. (b) follows from Corollary III 
of the extension theorem for I-isomorphisms. 


The following example shows that Theorem II:1.7 is not true if the 
hypothesis that every y-factor of A is d-closed is omitted. Let 


be an ordered set of type 1+ w*. Denote by V the T-sum of the groups 
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B(y) where B(—o) = group of integers and B(—1) = group of rationals. 
Finally let b(1/2) = (1/2,- - -,1/2,- - -,1/2), and for every odd prime 
number p let b(1/p) = (0,- - -,1/p,- Let us consider the group 
D that is generated by Vr, b(1/2), and all the 6(1/p)’s. One can easily 
verify that 


(a) D-* is generated by (1,---,0,---,0), and 


(b) D-® is not a direct summond of D. 


Therefore D does not possess a decomposition. By Theorem II:1.6 there 
exists a c-closed c-extension A of D. Since D is a c-extension of Vr, A and 
V are c-closed c-extensions of Vr. Assume (by way of a contradiction) that 
o is a T-isomorphism of V upon A. Then No is a decomposition of A; hence 
No D is a decomposition of D, a contradiction. Therefore V and A are 
not T-isomorphic. 


2. Partially ordered W-groups. We begin by stating a number of well 
known definitions and facts about partially ordered abelian groups. We write 
p.o. for partially ordered. The group G is a p.o. group if G@ is a p.o. set 
with respect to a relation <, and the following properties are satisfied for 
every a, b, c in G: 


(i) a<b implies a+c<bd+e. 
(ii) na> 0 for some positive integer n implies a > 0. 
G is an o-group (simply or linearly ordered group) if for every a and b in 


G either a=} or bSa. 
The set P of positive elements (i.e., elements > 0) of G satisfies 


(a) 0 is not in P and P is closed with respect to addition, 
(b) P is relatively d-closed in G. 


Conversely, assume a set P of elements of a group H satisfies (a) and (b). 
If we define for every a,b in H: a< b if b—a is in P, then Z is a p.o. 
group and P is the set of positive elements. “A subgroup J of G is conver if 


(a) J is relatively d-closed in G. 


(b) If a and c are in J, anda<b<ce for bD in G, then 0 is in J. 


If J and H are convex subgroups of G, then J covers H if J D H, and for 
any convex subgroup K of G, J KD H implies J—K. It is clear that 
the set of all convex subgroups of G@ is closed under joins of ordered (by 
inclusion) subsets and under arbitrary intersections. 


i 
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Consider the set T of all pairs y of convex subgroups G1, GY of G such 
that GY covers G,. A p.o. of T is defined as follows: a < B if G*C Gg. 


(1) Gis aT-group and (T, Gy, G) is a proper T-chain of G. 


Proof. G. C G for every y in T since G7 covers Gy. a < B implies 
G* C Gg by the definition of p.o. in I. 

For every a0 in G there exists at least one y in I such that a is in 
GY but not in G,. For let GY be the intersection of all convex subgroups of 
G that contain a and let G, be a maximal convex subgroup such that G, C G7 
and a is not in G,. The existence of such a maximal subgroup follows from 
the fact that the join of an ordered subset of convex subgroups is a convex 
subgroup by the usual arguments. Clearly GY covers G, and a is in GY but 
not in G,. 

If a is not in G7, then there exists a 8 in T such that y < B and a is in 
G8 but not in Gg. Let G* be the intersection of all convex subgroups of G 
that contain GY and a, and let Gg be a maximum convex subgroup such that 
Gy C Gg C G8 and a is not in Gg. Since GY and G, are convex subgroups, 
they are relatively d-closed in G. 


Remark. By an almost identical proof it can be shown that 


(1) For any abelian operator group, the set of all pairs of admissible 
subgroups J’ and J” such that J” covers J’ forms a proper I-chain. 


(2) For any abelian lattice-ordered group, the set of all pairs of L- 
ideals J’ and J” such that J” covers J’ forms a proper I-chain. 


See Birkhoff [3] for definition and theory of lattice-ordered groups. 
Definition 2.1. X in GV/G, is positive if X AG, and nX contains a 
positive element for some positive integer n. 
(2) If X in GY/G, is positive, then mX contains no negative elements for 
any positive integer m. 


Proof. For some positive integer n, nX contains a positive element, say a. 
Assume mX contains a negative element 6; then nmX contains the negative 
element nb. Since nb = h + ma where h is in Gy, —h > nh—h—=ma> 0. 
Therefore ma is in G.,; hence a is in G since G, is relatively d-closed. Thus 
X = G,, a contradiction. 


(3) G/G, ts p.o. for every y in I. 


Proof. 0 is not positive. X, Y in G7/G, are positive implies 
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X~G,+~ Y, and there exist positive integers m, n such that mX and nY 
contain positive elements. Therefore mnX and mnY contain positive elements 
and by (2) no negative elements; hence mn(X + Y) #G, and contains a 
positive element. Thus ¥ + Y is positive. If X is in GV/G, and nX is 
positive for some positive integer n, then clearly X is positive. 


(4) G/G, contains no proper convex subgroups. 
This is a consequence of the fact that GY covers Gy. 
(5) G/G,, is either trivially ordered or an o-group. 


Proof. Assume GY/G, possesses a non-trivial p.o. If there exists an 
X~G., in GY/G, such that X is neither positive nor negative, then the 
totality of Y’s in GY/G, such that nY = mX for integers m and n+ 0 is a 
proper convex subgroup of G7Y/G,, which is impossible. 

An isomorphism o of a p.o. group G@ into a p.o. group H is an 
o-isomorphism if o and o' preserve the given partial orders. We shall make 
repeated use of the following 


THEOREM (Hélder). Jf A ts an o-group with no proper convex sub- 
groups, then A is o-isomorphic to a subgroup of the additive group of all real 
numbers. (For a proof of this see Baer [1].) 


Therefore GY/G, is either trivially ordered or 0-isomorphic to a subgroup 
of the additive group of all real numbers. 


(6) <A trivially ordered group H without proper convex subgroups is tso- 
morphic to a subgroup of the additive group of rational numbers. 


Proof. Let h be any non-zero element in H (if no such element exists, 
then the statement is obviously true). J = {g in H such that ng = mh for 
m and n= 0 integers} is a non-zero convex subgroup of H; hence J = H. 
The mapping of g in H upon m/n such that ng = mh is an isomorphism 
of H upon an additive subgroup of the rationals. 


(7) The element a in G ts positive if and only if G,+a> 0 for every y 
in T* and a0. 


Proof. The necessity follows from the definition of p.o. in GV/G,. 
Given a=40 in G such that G,-+ a> 0 for every y in I*; assume a is not 
positive. By (2) @ is not negative; hence H = {6 in G such that nb = ma 
for integers m and n=~ 0} is a convex subgroup that contains a and covers 0. 
Therefore H is one of the GY for y in I, but a } 0, a contradiction. There- 
fore we have 


2... 
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THEOREM 2.2. If Gis a p.o. group, then 


(i) The set T of all pairs y of convex subgroups GY, G., of G such that 
GY covers G., form a proper T-chain of G when a p.o. in T is defined by: 
a<£B if G*C Gz. 


(ii) If a p.o. is defined in GY/G, by: X in G/G, is positive sf 
XAG, and nX contains a positive element for some positive integer n, 
then GY/G, 1s either trwially ordered (hence isomorphic to a subgroup of 
the additive group of rational numbers) or GY/G, ts o-tsomorphic to a sub- 
group of the additive group of all real numbers. 


(iii) ain G is positive if and only if and G,-+ a> 0 for every 
y in 


Corottary. The p.o. group G is ordered if and only if 


(a) T (as defined in (i)) is ordered, and 


(b) G/G,, ts 0-isomorphic to a subgroup of the real numbers. 


Proof. If (a) and (b) are satisfied, then a=40 in A has one and only 
one value, say a, and Ag+ a is either positive or negative. Therefore a > 0 
or a<0. If G is ordered, then the set of all convex subgroups of @ is 
ordered by inclusion; hence [ is ordered. Since every coset of GV/G, con- 
tains a positive element or a negative element, G¥/G, is ordered. Therefore 
G7/G, is o-isomorphic to a subgroup of the real numbers. 


Definition 2.3. A T-group A is a p.o. T-group if all the y-factors of A 
are p.o. If no y-factor of A contains a proper convex subgroup, then A is a 
strictly p.o. T'-group or a p.o. I'-group in the strict sense. 


Any [-group is a p.o. I'-group since its y-factors admit the trivial p. o. 
By Theorem 2. 2 any p.o. group @ is a p.o. I-group in the strict sense with 
respect to the set T of all pairs of convex subgroups G7, G., such that GY 


covers Gy. 

THEOREM 2.4. Suppose that A is a p.o. T-group. Define a in A 
positive if aA0 and A,+a>0 for every y in ™. Define a in V(A) 
positive if a40 and a, >0 for every y in ™, then 

(a) Aisa p.o. group and Ay, AY are convex subgroups, 

(b) V(A) ts a p.o. group and V(A),, V(A)7 are conver subgroups, 


(c) T is an o-isomorphism for every decomposition T of A. 
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Proof. a>0andb>0 implya+b>0 fora,bin A. For let y bea 
value of a+b (a+ has a value since otherwise a——b). If neither a 
nor b is in AY, then a has a value a > y; hence Db is in A*% If D is in Ag, 
then « is a value of a+ 6 which is impossible; hence « is a value of Db. 
But this implies Ag + a+ b is positive since Ag + a and A, + 5b are positive. 
Hence a+ 6 is not in AY which is impossible. Therefore a or b is in A’; 
then a and 6 are in AY. Thus either a or 0 is not in A,; hence Ay +a+b>0. 

na > 0 for a positive integer n, and a in A implies a>0. For let y 
be a value of a; then y is a value of na. Hence n(A, +a) =—Ay-+na>0; 
hence, since AY/A, is p.o., Ay+a>0 for every y in ™ Thus a>0. 
Therefore, since 0 is not positive, A is a p.o. group. 

AY is a convex subgroup. For if c<b<a for a,c in AY, then 
0<b—c<a—c and 0<a—b. Therefore 4a-+a—b>0 for every « 
in I*-», Assume 6 is not in AY, then there exists a value B of 6 such that 
B> vy. Since 0 and ¢c,a are in Ag, is in and 0 > Ag+ c—bd 
= Ag -+a—b, a contradiction. AY is relatively d-closed in A by the defi- 
nition of a I'-group. 

By a similar proof it follows that Ay is convex, hence (a) is true. 
(b) can be proven by a similar argument. 

Let T be any decomposition of A (if A does not possess any decom- 
positions then (c) is obviously true) and consider any element a0 in A. 
Since y is a value of a if and only if (a7),—A,+a <0 and (aT)s=—0 
for every § > y, the following statements are equivalent: a>0; 4,+a>0 
for every y in I“; (aT), > 0 for every y in I*; a2 >0. Therefore (c) is 
true. Therefore any p.o. I-group A is also a p.o. group and any p.o. group 
can be made into a p.o. I-group in the strict sense (where the two I’s are 
not necessarily the same). ‘The connecting link is a> 0 if and only if 
a0 and A,-+a>0 for every y in I. When discussing p.o. I-groups 
we can, and shall, make use of the fact that they are also p. 0. groups. 

If B is a subgroup of the p.o. T-group A and if we define By +6b>0 
for b in BY if A,-+6> 0, then B becomes itself a p.o. T-group. It follows 
that if B is a subgroup of the p. o. [-group A, then the natural T-isomorphism 
of V(B) into V(A) is an o-isomorphism. 

Suppose that A is the d-closure of the p.o. T-group B. An element XY 
in AY/A, has the form XY =A, -+ a where a is in AY and na is in BY for 
some positive integer n. We define X to be positive if B,-+ na is positive. 
Then A is a p.o. I-group and B is a p.o. T-subgroup of A. As before, 
there is one and essentially only one such A (with respect to 0-isomorphisms) 
and it will be called the d-closure of B. 
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If A and B are p.o. I'-groups, then obviously not every T-isomorphism 
of A into B is an o-isomorphism. Conversely, every o-isomorphism of A 
into B is not necessarily a [-isomorphism. For if all y-factors of A and B 
admit only the trivial p.o. then every isomorphism of A into B is an 


o-isomorphism. 


o is a value-preserving o-isomorphism if o is a T-isomorphism and o 1s 


also an o-isomorphism. 


A T-isomorphism o of A into B is a value-preserving 0-isomorphism if 
and only if o induces an o-isomorphism of K(A) into K(B) (i.e., isomor- 
phism of K(A) into K(B) that preserves the p.o.’s in the y-factors of A 
and B). This follows from the fact that a> 0 if and only if a0 and 
A,y+a> 0 for every y in I*%. In particular any proper IT-automorphism 
of A is a value-preserving o-automorphism. By (c) of Theorem II: 2.3 
every decomposition-induced T-isomorphism of a p.o. I-group is a value- 
preserving o-isomorphism. Therefore we have an imbedding theorem for 


p. o. T-groups. 


If every y-factor of the p.o. T-group A is d-cl,sed, then there exists a 
value-preserving o-isomorphism o of A upon a c-subgroup of V(A) with the 
additional property that (ac), Ay +a for every a in A and every y in T. 


By the corollary to the generalized imbedding theorem we have: 


For any p.o. T-group A there exists a value-preserving o-tsomorphism o 
of A upon a subgroup of V(B) where B is the d-closure of A. (ac),=B,+a 
for every a in A and every y in T™. 


If we replace [-group by p. o. '-group, I-isomorphism by value-preserving 
o-isomorphism, and isomorphism by o0-isomorphisms then, with the exception 
of Theorem I: 3.3, all the the preceding results and arguments used to 
prove them are still valid. In Theorem I: 3.3 we add the hypothesis that 
A is a p.o. I-group in the strict sense. 

B is an a-subgroup of the [-group A (or A is an a-extension of B) if 
BY/B,=0 implies AY/A,=0. A is a-closed if there does not exist any 
proper a-extension of A. For o-groups this definition is equivalent to the 
usual definition of Archimedean extension. An Archimedean extension of 
an o-group G is an o-group H D G such that if h >0 is an element in H, 
then there are y > 0 in G and an integer m such that my > h and mh > y. 

I-isomorphisms map a-subgroups upon a-subgroups and hence, a-closed 
groups upon a-closed groups. An a-extension of an a-extension is an a-exten- 
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sion. Every c-extension is an a-extension. If A is a-closed, then A is 
d-closed (since the d-closure of A is an a-extension), and A is c-closed. 


In the next four theorems only p.o. T-groups in the strict sense will be 
considered. 

For any such group A we define V,(A) to be the [-sum V(T, 2) where 
R, is the o-group of reals if the y-th factor of A is ordered and Ry is the 
group of rationals if the y-th factor of A is trivially ordered. Define v in 
V,(A) to be positive if 

(a) v0 

(b) &,—o-group of reals for every y in I 

(c) vy > 0 for every y in I. 
Let o«(y) be an o-isomorphism of AY/A, into the reals if AY/Ay is ordered 
and an isomorphism of A¥/A, into the rationals if AY¥/A, is trivially ordered. 


The set of o(y) induce a value-preserving o-isomorphism o of V(A) into 
V,(A) which is defined by the rule: 


(ao) y= ayo(y) for every a in V(A) and every y in I. 
It is obvious that V(A)o is an a-subgroup of V,(A), and if B is a d-exten- 
sion of A, then V,(A) = V,(B). 
THEOREM 2.5. If A ts a p.o. T-group, then 
(a) there exists a value-preserving o-isomorphism o of A into V,(A) and 
(b) V,(A) ts an a-closed a-extension of Ao. 


Proof. A C A* =d-closure of A. By the imbedding theorem, A C V(A*). 
V (A*) can be embedded into V,(A*) = V,(A) and these imbeddings preserve 
value and partial order. Clearly A is an a-subgroup of V,(A). 


Let B be any a-extension of V,(A) = V and let B* be the d-closure of B. 
The y-th factor of B* is “ real ” if and only if the y-th factor of V is “ real”; 
all other y-factors of V and B* are “rational.” Therefore, the natural I- 
isomorphism z is a value-preserving 0-isomorphism of V(V) upon V(B*). 
Let N be the natural decomposition of V. By the existence theorem there 
exists a decomposition 7 of B* such that T induces Nz on V. 


V (Bt) = V(V)a = = VT C C V(B*); 


hence V7 — B*T. Therefore V = B*; hence V is a-closed. 
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By the corollary of Theorem II: 2.1, for any o-group A the set I of 
all pairs y of convex subgroups AY, A, such that AY covers Ay is a proper 
T-chain of A. I is ordered; hence any a=<0 in A has one and only one 
value. Moreover each y-factor is o-isomorphic to a subgroup of the reals. 
As a corollary of the last theorem we have 


Haun’s THEOREM. For any o-group A there exists a value-preserving 
o-isomorphism of A upon an Archimedean subgroup of V(T4,R,) where 
R, = reals for every y in TA. 


THEOREM 2.6. If A is a p.o. T-group, then the following statements 
are equivalent : 


(a) <A a-closed. 


(b) A ts c-closed, every y-factor of A is d-closed, and each non-zero 
ordered y-factor of A ts o-tsomorphic to the group of reals. 


Proof. Assume (a) is true; then A is c-closed and A is d-closed. 
Hence every y-factor of A is d-closed. By the embedding theorem there 
exists a value preserving o-isomorphism of A upon V(A). If all ordered 
y-factors of A are not o-isomorphic to the group of reals, then there exists 
a proper a-extension of V(A), a contradiction. Therefore (b) is true. 


Assume (b) is true; then, since y-factors of A are d-closed, there exists 
a decomposition T of A and since A is c-closed, AT = V(A). Clearly V(A) 
is o-isomorphic to V,(A) which, by Theorem II: 2. 6, is a-closed. Therefore 
A is a-closed. 


THEOREM 2.7%. a-closed a-extensions of a p.o. T-group A are equivalent 
(with respect to a value-preserving o-isomorphism). 


Proof. Let B and C be any two a-closed a-extensions of A. Let B’ be 
the d-closure of A in B and let C’ be the d-closure of A in C. There exists 
a value-preserving o-isomorphism o of B’ upon C”’ such that ao —a for 
every a in A. B’ and C’ are subgroups of the c-closed groups B and C 
respectively. The o-isomorphism of K(B’) upon K(C’) that is induced by o 
can be extended to an o-isomorphism of K(B) upon K(C) (since any 0-iso- 
morphism of a d-closed subgroup of the reals upon a subgroup of the reals 
can be extended to an o-automorphism of the reals). Therefore, by the 
extension theorem for o-isomorphisms, o can be extended to a value preserving 
o-isomorphism of B upon C. 
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The additive group of an ordered field is d-closed, hence possesses a 
decomposition. This decomposition can be used to prove an embedding 
theorem for ordered fields, which leads to some interesting structure theory. 
These results will be in a later paper. 
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METRIC METHODS IN INTEGRAL AND DIFFERENTIAL 
GEOMETRY .* 


By Jerry W. GADDUM. 


Introduction. Whatever unity is possessed by the two parts of this paper 
is seen when it is considered as part of a program of developing geometry by 
purely metric methods. Of the many writers who have made contributions 
to metric differential geometry, the reader’s attention is called to Menger [6] 
and [7], Alt [1], Paue [9], Wald [11], and Blumenthal [3] and [4]. 


Part I is concerned with arcs in a general metric space. In 1935 W. A. 
Wilson [12] defined the spread of a mapping f of a metric space X onto a 
metric space Y. If x,y are elements of X and f(x), f(y) are their images 
in Y under f, then lim f(z) f(y)/ry as y—> t, if this limit exists, is called 
the spread of f at ¢. Wilson stated several theorems about the spread of a 
mapping, but he gave few detailed proofs and no systematic exposition of 
the properties of the spread. 

In Part I we discuss the spread, restricting ourselves to the case where 
X is the unit interval [0,1], Y is an arc in a metric space, and f is a homeo- 
morphism of X onto Y. The two principal results of this discussion are 
1) a formula for the length of a rectifiable arc in a metric space given explicitly 
in terms of the defining function, and 2) a sufficient condition that the limit, 


at a point of an arc, of the ratio between “chord ” and arc length be 1. 


Part II is devoted to a metric development of the differential geometry 
of arcs in Euclidean three-dimensional space. The theorems to be proved 
are, in the main, well known in the case of analytic curves, but they have not 
heretofore been established metrically. The advantages of this approach are 
twofold. First, we shall be extending the classical results to a wider class of 
arcs than those which can be represented by analytic functions. Second, by 
using definition and methods which are purely metric, without any a priori 
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assumptions about differentiability, we may hope to acquire new insight into 
concepts which are intrinsically geometric. 

After necessary preliminary theorems, we prove metrically some properties 
of bi-regular arcs analogous to properties of analytic arcs. The term bi-regular 
arc, defined in Section 1 of Part II, is an extension of the conventional term 
regular arc. This leads to a metric proof of the first fundamental theorem 
of curve theory. Then the Frenet-Serret formulas are established, opening 
the way to use of the tools and results of analysis. 


Part I. 


1. Definitions and preliminary theorems. Throughout Part I we con- 
sider an are A in a metric space M and a homeomorphism f, of the unit 
segment J, [0,1] onto A. If z is a real number in J, and p is its image 
in A under f, we write p=f(zx). For z,yeI,, denote |r—y| by zy and 
the distance between their images in A by f(x)f(y). If the limit, as z,y 
approach ¢, of f()f(y)/zy exists, we denote it by f’(t) and call it the spread 
of f at 

For a,b e1,, denote the subare of A from f(a) to f(b) by A;(a, 6). If 
A;(a, b) is rectifiable, its length will be denoted by s;(a, b), or simply s(a, 6) 
whenever omitting the subscript f will not cause confusion. It is remarked 
that s(a, b) depends on the mapping f, as does A (a, 6), since under a different 
homeomorphism, A,(a,b) will in general be a different subare of A. If A 
is rectifiable its length is denoted by s. 

The following two theorems were formulated by Wilson and are stated 


here for later use. 


TuroreM W,. f’(t) exists at each point of [a,b] the distance 
quotient f(x)f(y)/xy is bounded on [a, b]. 


TuEorEM W.. If f’(t) exists at each point of [a,b], then A;(a,b) 1s 
rectifiable. 


2. Theorems on the spread. Our first theorem on the spread is a 
consequence of the use of a double, rather than a single limit, to define the 
spread. 

THEorEM [.2.1. If f’(t) eaxists at each point of a set CI,, then 
f(t) is continuous in E. 


Proof. Given e>0, let 8(t,«) be defined for each te # such that 
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at < 8(t,«), yt imply that | f(r)f(y)/ey—f’(t)| Suppose 
to, t, with tot, < 8(to,€). Take x, y such that rt, < 8(t1, €), rtp < 8 (to, €), 
yt, < 8(ti,€), and yt) < 8(to,€). Then 
| f(to) (ts) | =| — f(y) + (2) f(y) (4) | 
| (to) —f(@) f(y) + f(y) — f(t) | 
< 2e, and the theorem is proved. 
The following theorem is a considerable strengthening of a result due 


to Wilson. 


THEOREM 1.2.2. If f’(t) exists at each point of a closed set ECI,, 
then the distance quotient f(x)f(y)/ry converges uniformly to f’(t) forte E. 


Proof. If we suppose the contrary, then for some « >0 there is a 
sequence {t,} of points of H# and points Zn, yn of J, such that tpt, << 1/n, 
Yntn <1/n, and | f’(tn) >. Now a subsequence {tn,} 
exists with a limit point and hence lim f’(t,,) =f’(t). Also lim 2p, 
=limyn,=t. But = lim Yn, ~ lim (tn,), which 


>t 


contradicts the continuity of f’ at ¢. 


TueoreM 1.2.3. If f’(t) exists for each te [a,b], then 


s(a, b) dt. 
Proof. Given > 0, let Ty (to, to? < ty << < 
be an ordered subset of [a,b] such that > f(t°)f(tiu°) > s(a,b) —e. 
4=0 


Choose 7, = (é,', - -, ty,1)C[a,b], tt such that 
ky-1 

T, CT, and | Sf’ (t#) — rf f’(t)dt | <«. Since T, is a refinement of 
4=0 a 


ky-1 
Po, f(t) > 8(a, 6) 
=0 
By Theorem J. 2. 2, there is a y > 0 such that ry < y implies 
| —f(#)f(y)/ty| <e 


Since f’(¢) is uniformly continuous on [a,b], there is an 7 >0 such that 
tit. implies that | f’(t:) —f’(t.)| <«. Let 6=min (y,7). 

Choose = (to?, C [a,b], with t?<t?<---< &,?, 
such that 7,CT7. and #,t;,,2 << 8, for i=0,1,---,k.—1. Since 7,CT, 


ts 
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ky 


=| 
> s(a, 6) —«, and | Sf f | Hence 


| f(t?) — f(t?) f (tin?) | <«(b—a), 


and 


b 
|s(a,b) — f’(t)dt | <2 +e(b—a). 
b 
Since « is arbitrary, s(a,b) = if f’(t) dt. 


THEOREM I[.2.4. Jf f’(t) exists at each point of [a,b], then for 
te [a,b] with f(t) 


Proof. 
Fe) 9) (at 
= f(x) f(y) = f(x) f(y) 1/P(E), 


where € is between 2 and y. Hence 
lim f(x) f(y)/87(2; 


Since, as the foregoing discussion shows, f’(¢) is very similar to ds/dt 
of elementary calculus, one is motivated to adopt a weaker definition of the 
spread, namely, =limf(z)f(t)/at as However, this is not 
satisfactory. For example, it is a standard theorem in function theory that 
if the limit of [¢(x) — ¢(t) |/e—t, as xt, exists, and is continuous at f, 
it is equal to lim [¢(x) —¢(y)]/x—y as xz,y—>t. The corresponding 
theorem is not true, however, for the spread, as can be shown by example. 
Examples can be found to show that A may be rectifiable although f’(¢) fails 
to exist at a countably infinite set and that A may not be rectifiable although 
the spread fails to exist at only one point. 


Part II. 


1. Definitions and some known theorems. We begin with a metric 
definition of curvature due to Menger [6], and a metric definition of torsion 


due to Blumenthal [4]. If p., po, ps are three points of a metric space, let 


9 
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K ps) denote [— D(pu, pz, ps) Pips. Tf pi, Po» Ps are 
four points of a metric space, no three of which are linear, let T'(p,, po, Ps, Ps) 
denote the positive square root of 


T?(pi, ps) 


[18 - | D(p,, P2> Ps, Ps) | ] 
[D(p1, po, ps) * D( pr, Ps, Bs) Ps) * pss Ps) 


If p is a point of an arc A, we put 


K(p) Po, ps) and T(p) — Ps Pa); 


for p; points of A, and call K(p) and T(p) the metric curvature and torsion, 
respectively, of A at p. 

It is known [10] that in Euclidean space these assume the following 
forms : Sin pr; PePs/P2ps], T(p) — lim [3 sin pips; 
the expression for torsion holding if the curvature exists different from 
zero at p. 

It is further known that if the metric curvature exists at each point of 
an arc, then the arc is rectifiable. We shall be concerned, unless otherwise 
stated, with arcs in three-dimensional Euclidean space which possesses at 
each point metric curvature and torsion, each different from zero. Since 
such an arc is rectifiable, we may suppose it parametrized in terms of arc 
length, i. e., = 2(s) in vector notation. Such ares will be called bi-regular. 

If A is such an arc, it is known that K(s) and T(s) are continuous 
functions of s and that A possesses at each point a tangent line and an oscu- 
lating plane [10]. It should be remembered that the tangent line at p is 
the limiting position of the line L(p:, p2) as p, and p. approach p indepen- 
dently, and that a similar strong limit defines the osculating plane. 

Since the existence of the curvature defined above implies the existence 
of the curvature defined by Haantjes [5] and this in turn implies that the 
ratio of are length to chord length, s(p,, po)/pip2 approaches unity, i.e., 
lim s(p1, p2)/pip2=1, we see that dx/ds =a is a unit vector along the 


tangent line. In a later section we shall show the existence of a trihedral at 
each point. 


2. Two theorems on Euclidean space. In this section we state two 
theorems about Euclidean three-dimensional space which will be used in 
what follows. They are both intuitively evident, and the proofs will be 
omitted, but they have not been found by the writer in the literature. 


H 
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We first make some agreements about notation which will be adhered to 
in what follows. Given points po, Pny Of Hs, the vector Dia 
is denoted by 1;, the vector product of r; and fis1, Ti X Tur by gi, the angle 
XTi, Tisr by 6, and the angle X qi, gis: by ¢:. Two polygons P and P” will 
be said to be similarly oriented if the triple scalar products [1j, ris1, Tise] and 
Tis1’, Tiso’ have, for each i, the same sign. 


THEOREM IJ.2.1. If two similarly oriented polygons in E;, P and P’, 
are situated so, that r, and r,’ coincide, and q, and q,’ coincide, then Tras, Qn 
can be carried into Tn4’, dn’ by a rotation of P through an angle u, where 


THEOREM IJ.2.2. Let w be a plane and 6 an angle, not zero, in z. 
Given « > 0, there is a8 > 0 such that if x’ is a plane with X an’ <8 and & 
the perpendicular projection of 0 in then 1—e<0/#@ 


3. Some theorems on bi-regular arcs. In this section we prove some 
facts about bi-regular arcs in #; which will be used in what follows and 
which also have some intrinsic value in a systematic development of the metric 
theory of curves. 

If A is a bi-regular arc in #; and M is the osculating plane at a point 
p of A, we are concerned with the perpendicular projection of A on M, or, 
more particularly, the projection on M of a suitable neighborhood of p. The 
projection of A on M is clearly a continuous image of A, and we wish to see 
that there is a neighborhood of p for which the mapping is one-to-one. If we 
suppose the contrary, there are points 7, and v2 arbitrarily close to p which 
project into the same point. But the plane x(p,, po, ps3) is perpendicular to 
M and this contradicts the fact that M is the osculating plane at p. Hence 
some neighborhood of p, say Ap, is projected into an arc. 


THEOREM II.3.1. The curvature K(p) of a regular arc A is equal to 
the curvature at p of the perpendicular projection of a suitable neighborhood 
of p onto the osculating plane at p. 


Proof. Consider a neighborhood of p, say Ap, whose projection is an 
are and denote the projection by A)’. 


For a triple g,r, s sufficiently close to p, the plane x(q, 7, s) is arbitrarily 
close to M, the osculating plane at p. But K(q,r,s) =2singq;r,s/rs and 
K(q7,1, 8’) =2sind;1’,s/rs’. By Theorem II.2.2 the ratio of these 


\ 
\ 
\ 
\ 
\ 
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curvatures can be made arbitrarily close to unity by taking points sufficiently 
close to p, and the theorem follows. 

We are now interested in defining a binormal vector. It is to be observed 
that the existence of the osculating plane is not, of itself, a guarantee that a 
binormal can be defined so as to be continuous. 

We take three points p;, po, ps occurring in that order on A. As we 
have seen, the vector Pius Po/8(Prs P2) approaches a unit tangent vector a as 
Pi, P2 approach p. Letting r t if limr X t/| r|-|¢| exists, 
we denote it by y and call it the binormal at p. 


THeEorEM IJ.3.2. If p is a point of a bi-regular arc A, a binormal 


exists at p. 


We omit the proof, which is straightforward. 

Being assured of the existence of a unit binormal y for bi-regular arcs, 
we define a unit principal normal 8B =yX«. In a later section we shall 
prove the Frenet-Serret formulas on the basis of the above definitions. 

The notion of similarly oriented polygons was defined in Section 2. 
We now define a similar concept for ares. If 6 > 0 exists such that for 
every polygon inscribed in A with distance between consecutive points less 
than §, [1i-1, Ti; Tix1 | > 0 for all i, then the arc is positively oriented. If the 
triple scalar product is negative for all 7, the are is negatively oriented. 


THEOREM II. 3.3. Every bi-regular arc is either positively or negatively 
oriented. 


Again, we omit the proof. 


4. The first fundamental theorem. This section is devoted to a proof 
of one of the principal results of this paper, namely, a metric proof of the 
first fundamental theorem of curve theory for arcs in E3. For plane curves, 
that is, curves whose torsion is identically zero, the theorem was proved by 
Alt ? [1] and [2]. 

We define a special type of polygon called an n-lattice. Let A be an arc 
with end points a and b, and let pp = 4, Pn=b be an (n+ 1)-tuple 
of points of A, occurring in the order given. If pop: = pipo—=- * * = Pn-1Pn; 
the points are said to form an n-lattice. It is known [4] that for every 
positive integer n, any are in a metric space contains an n-lattice. 


2The writer wishes to acknowledge the kindness of Dr. Alt, who made available 
a copy of his Vienna dissertation. 
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Lemma 1. For a bi-regular arc A and > 0, there is an N such that, 
n > N, an n-lattice inscribed in A, with side dn, has the following properties: 


1) for 1=0,1,---,n—1, 1—e < 8(pi, pinr)/On 
2) for i=1,2,---,n—1, 1—e < K(pi)/[sin6i/an] <1 +6. 
3) for i=1,2,---,n—2, 1—e< T(p;)/[sin di/an] <1+.«. 


Proof. 1) follows since the existence of the metric curvature implies 
that the limit of the are-chord ratio is 1. 


For n sufficiently large, 1—e < K(pi)/K (pir, Pi Pir) ¢, from 
the uniform continuity of the curvature. But 


K (pis Pis Dist) = 2 sin 6;) = [sin 6; | /an 2On/ Pi-1 


and for n sufficiently large, 2a,/pi+pis: is arbitrarily close to 1. Hence 2) 
is true. 
The proof of 3) is exactly analogous to that of 2). 


LemMA 2. For a bi-regular arc A and «> 0, there is an N such that, 
for n > N, an n-lattice inscribed in A has0 <A<eand0 < dice. 


Proof. Since 


K(p) =lim2 sin pz, Ps) /P2ps aS pi—> P, 
and 


T(p) =lim3 sin (ps, Pipe) /Pip2 Pi—> P, 


the angles 6; and ¢; must have arbitrarily small sines, for n sufficiently large. 
But since 6; is the supplement of the vertex angle in an isosceles triangle 
all of whose angles have sines approaching zero, then —6;—>- and 6;—> 0. 
Moreover, if the angles ¢; approached z, a unique binormal would not exist, 
in contradiction to Theorem If. 3.2. Thus the lemma is proved. 

We are now ready to prove the fundamental theorem, which may be 
formulated as follows: 


THEOREM II.4.1. Jf the points of two bi-regular arcs of E3 can be put 
into one-to-one correspondence in such a way that the arc lengths between 
pairs of corresponding points are equal, and the curvature and torsion at 
corresponding points are equal, then the arcs are congruent. 


If the arcs are A and A*, denote the correspondence by p* = f(p), where 
peA and p* is its correspondent in A*. 
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Given « > 0, inscribe n-lattices in A and A*, denoting the vertices by 
Pos * Pn ANd Po’, * *, Pn, respectively. It should be noted that p;’ 
is not necessarily the same point as f(p;). However, for n sufficiently large, 
pi is arbitrarily close to f(p;). Hence we can choose n so large that 


le < K(pi)/K(p’) <1+e and 1—e <T(pi)/T <1 +e 


Denoting the sides of the n-lattices by a, and ay’, respectively, we see that 
for n sufficiently large, 


1—e < < 1+, since limn-a,—limn-a,’, where n—->00. 
We can choose n so large that 
I—e<sin¢;/sind’ <1+e and 1—e<sin6;/sin0/ <1+.«, 
since 
sin 6;/sin = [sin 0;/dn]/[sin 6;/dn’] Qn/dn’ 
— [sin (ps) / (sin K (ps), 


and a similar thing is true for sin ¢/sin ¢’. The desired inequalities follow 
from Lemma 1 of this section. 

Now 6;=6;/sin 6° sin Gn, and ¢;= ¢i/sin 8in dn. By 
Lemma 2 of this section, we can make 6;/sin 6; and ¢;/sin 0; arbitrarily close 
to 1 by choosing n sufficiently large. Hence we can make n so large that 
1—e< 6,/0; and 1—« < < 

Furthermore, by Theorem II. 3.3, we can choose n so large that 
Tis Tir] has the same sign for and [ri’, Tins’] 
has the same sign for 11, 2,- - -,n—1. 

In summary, there is an N such that when n > N, n-lattices inscribed 
in A and A* have the following properties: 


a) both lattices are definitely oriented, although perhaps the two are 
not similarly oriented ; 


b) 1—e< << c) for each 1, 1—e < 0,/0/ <1+.€ and 
< <1 +e. 


Consider now two such n-lattices, n > N, and denote them by LZ and L’ 
respectively. We wish to show that the distances pop, and po'pn’ differ by 
an amount which approaches zero with e, which will imply that the end 
points of A and A* are the same distance apart. But any two points of A 
and their images in A* are end points of sub-arcs which satisfy the hypotheses 
of the theorem, and so the theorem will follow. 
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If Z and L’ are not similarly oriented, reflecting L’ in the origin gives 
a lattice congruent to L’ and oriented similarly to Z. We may suppose, then, 
that Z and L’ are similarly oriented, that p. and po’ coincide, that r, and 1,’ 
have the same direction, and that g, and q,’ have the same direction. 

If A; denotes the angle between 1; and r;’, then by Theorem II. 2. 1, 


4=1 
j=1 j=1 j=1 j=1 


But & 6; is bounded, since lim } 6; = lim > 6;/sin 6;- sin 0;/an- a, which is 


j=1 j=1 
the line integral along A of K. Denoting these line integrals by Ka and T'4 
respectively, Aj 

Now 


n n n n 
| Sn— | =| (n—77)| =| cos a) | 
i=1 i=1 4=1 4=1 
n 
<= max (1— cos) | | S max (1 — cos «8, 
i ia i 


where s is the length of A. Hence | ¥ri:— > ri | approaches zero with «; 
that is, it is arbitrarily small and hence is zero. Thus the theorem is proved. 


5. The Frenet-Serret formulas. In this section we establish the 
Frenet-Serret formulas for a bi-regular arc in #3. This will answer a 
number of questions. First, it will establish that if cx —-z(s) is the vector 
equation of a bi-regular are, the functions 2;(s) are three times differentiable. 
Second, it will furnish the machinery for a proof of the metric version of 
the second fundamental theorem of curve theory; namely, that given two 
positive continuous functions K(s), 7'(s), there is an are in E, uniquely 
determined except for position and orientation, whose metric curvature and 
torsion are K(s), T(s), respectively. It will also make possible a metric 
discussion of arcs in # entirely analogous to the classical discussion. 

The proof consists of showing that for bi-regular arcs the metric curva- 
ture and torsion are equal to the classical curvature and absolute value of 
the classical torsion. From this the Frenet-Serret formulas can be derived 
as in any standard book on differential geometry. 

Let A be a bi-regular arc in FH; and let p be any point of A. We will 
measure the are length s from the point p. Let 6(s) denote the angle between 
a#(0) and a(s), and let ¢(s) denote the angle between y(0) and y(s). 


THEOREM IJ.5.1. The curvature at p is the absolute value of the 


n n 
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derivative, with respect to arc length, of the angle between the tangent at p 
and the tangent at a neighboring point. That is, K(p) =| d6/ds |. 


Proof. Choose s so small that the arc from p(0) =p to p(s), which 
we denote by A;, has as its projection on the osculating plane at p an arc. 
In A, inscribe an n-lattice with vertices po—=p(0); *,Pn=p(S). 
Let a be the distance from p; to pi, and o; the corresponding arc length. 

Using the same notation as before, 0; = Ti, Where = Pi-sPi- 


Define 


n—1 n—-1 
= 6, = Dd a;/sin 6; sin 0;/a- a/ox- oi. 
4=1 4=1 


Then, defining 


6’(s) — lim 6)’, = f "K(s)ds. 
@ 


Hence d6’/ds | = K(p). 
8=0 
Now it is not the case that 6’(s) = 6(s), but it is true that 


lim 6(s)/6’(s) =1. 
s-0 


From this the theorem follows, since 0(0) = 6’(0) =0. 

The above remark is a consequence of the fact that the projection of 0’ 
in the osculating piane at p is equal to the projection of 6. By Theorem 
II. 2.2, the ratio of 6 to its projection is arbitrarily close to 1 for s 
sufficiently small. 


THEOREM II.5.2. The unit tangent vector a(s) has at p a derivative 
whose magnitude is the curvature at p, that 1s, K(p) =| da/ds |. 


Proof. The proof is identical with the classical proof. 
THEOREM I]. 5.3. The vector da/ds lies in the osculating plane. 


Proof. Take po=p, pi=p(Si1), P2—=p(S2). For s,,8, sufficiently 
small, the unit vectors along pop; and pops are, except perhaps for sense, 
arbitrarily close to a(s,) and a(s.). Hence if they are properly directed, 
their difference is arbitrarily close to Aa, and the plane (po, p1,pP2) is 
arbitrarily close to the vector Aa/As. Hence da/ds is in the osculating 
plane at p. 


Since da/ds is perpendicular to « and lies in the osculating plane, it 
lies along the principal normal. By considering the projection in the oscu- 
lating plane at p of a neighborhood of p whose projection is an arc, and 
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remembering that the projection lies entirely on one side of the tangent line, 
we see that a, da/ds, y form a right-handed system. Since a, 8, y, also form 
a righthanded system, we have da/ds = K, the first Frenet-Serret formula. 


THEOREM IJ. 5.4. The torsion at p is the absolute value of the deriva- 
tive, with respect to arc length, of the angle between the osculating plane at p 
and the osculating plane at a neighboring point. That is, T(p) =| d¢/ds |. 


Proof. The proof is the exact analogue of the proof of Theorem II. 5. 1. 


THeroreM IJ.5.5. The unit binormal vector y(s) has at p a derivative 
whose magnitude is the torsion at p, that is T(p) =| dy/ds |. 


Proof. The proof is standard. 


Since the metric torsion is non-negative, while the classical torsion is 
signed, if we want to extend the Frenet-Serret formulas, we must account 
for the proper sign. 

We know that dy/ds lies in the osculating plane, since it is perpendicular 
to y, and that its magnitude is T7(p). Differentiating the identity a- y= 0, 
where «- y is the scalar product of « and y, we obtain da/ds-y + «-dy/ds = 0. 
Since Since «- dy/ds = 0, we have dy/ds = + TB. If the curve is positively 
oriented, we take the + sign, if negatively oriented, we take the — sign. 

Two of the Frenet-Serret formulas have now been obtained: da/ds = KB, 
dy/ds = + TB. Differentiating B —y X a, we get 


dB/ds = dy/ds Ka+yX da/ds = = Ty — Ka. 
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AN APPROXIMATION TO TRANSONIC FLOW OF A 
POLYTROPIC GAS.* 


By Joun A. TIERNEY. 


Introduction. The equation of state of a gas whose flow is governed by 
Frankl’s equation [2] Woo-+ K(c)W;g =0 is determined by the choice of 
the function K(o). With the proper choice of units, for a polytropic gas 
=o— bo? +: +--+, b=27(2y + 5)(y + where y is the adiabatic 
exponent. 

By retaining only the first term in this expansion we obtain K(c) =o, 
and Frankl’s equation becomes Tricomi’s equation, used by various authors 
[1,5] in the study of transonic flows. The gas determined by taking 
K(c) =o is called the Tricomi gas [7], or a T-gas. 

In Section 2 we show that if two functions K(o) have the same expan- 
sions in positive integral powers of o up to and including the term in o*, 
the graphs in the (p, p)-plane of the corresponding equations of state have 
contact of order at least n + 1 at the sonic point (py, py). Thus for example 
if we approximate K(o) above for a polytropic gas by retaining only the 
first two terms in its expansion, the equation of state corresponding to 
K (oc) =oa— bo® can be made to have contact of the third order at the 
sonic point (py, p,). A gas with an equation of state corresponding to 
K(o) =o — bo” is called a T2-gas and in Section 4 we study its equation 
of state. In the concluding section we study a particular example of tran- 
sonic flow for a 7-gas in the physical plane. 


1. Preliminary considerations. Employing the pressure p and the 
stream function wy as independent variables Martin [6] has shown that, given 
a Bernoulli function g = q(p,w) and a direction function 6 =6(p,y) which 
jointly satisfy 


(1) — 99") /Ovly + = 9, 
a flow is presented in the physical plane z = 2 + iy by 


(2) z= fe{[ — dnp) /Oy + — ign] dy}. 


* Received October 15, 1951. 
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The density p and Mach number JW are given by 
(3) = 1+ 


Irrotational flows are characterized by a Bernoulli function of the form 
gq =4q(p) and we see from (3) that qg is a decreasing function of p for p > 0, 
q > 0. Furthermore, the flow is subsonic, sonic, or supersonic according as 
vr = 0. The sonic speed is given by gx —q(px), where py, the sonic pres- 
sure, is defined by Gpp(px) = 0. 

If we introduce a new variable (cf. [2]) 


Ds 

in place of p, and set 

(5) K (oc) =— 


the variable p being eliminated from the second member with the aid of (4), 


equation (1) is replaced by 


(6) = | (K + 60") /Oy 
and (2) by 
(7) a= fxe{[(K + 60°) + [80 + tx dy}, 


where the function 
(8) Xx=x(o) = 


is obtained by eliminating p from q=q(p) again with the help of (4). 
K(o) as defined by (5) and (4) is identical with K(o) in Frankl’s 
equation Woo + K(c)Wog = 0, equivalent to (6). It follows from (4), (5), 
and (8), that 
(9) xoo —K(o)x—=0. 
A solution 6=6(0,y) of (6) when inserted in (7) yields a mapping 
z—=2z(0,w) of the (o,y)-plane upon the physical plane, which carries the 
straight lines o—const. into the isovels (isobars) and the straight lines 


= const. into the streamlines. 


2. The equation of state. Order of contact. Alternatively, given K(c), 
corresponding to a solution x(a) of (9) we find from (8), (3), and (4) that 


(10) (11) p = = p(o), 


(12) p= C + x “do = p(c). 


From (4) it is clear that o 0 yields the sonic values qz,py, Dx. 
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When o is eliminated from (10), (12) we obtain the Bernoulli function 
q=4q(p). Equations (11) and (12) constitute parametric equations for 
the equation of state, the elimination of the parameter o leading to the 
equation of state in the usual form p= p(p). For a given K(o) the equa- 
tion of state (11) (12) is uniquely determined by the choice of the initial 
values x(0), x’(0) of the solution y—y(oc) of (9), and the constant C 
in (12). 

We now prove the 


TuroreM. If K(c) =D ko", K(c) => ki = ky 
r=1 r=1 


(t=1,2,---,n) and if x(c), are solutions of y”’—Ky=0, 
x’ — Kx = 0, respectively, meeting the same initial conditions x(0) = x(0) 
= const., x’(0) = ¥’(0) —const., then the curves 


have contact of order [3| at least n+ 1 at the point (ps, p:) in the (p, p)- 
plane, where px =p(0) =p(0), px = p(0) = p(0), are the sonic densities 
and sonic pressures. 

Proof. By Maclaurin’s theorem the first n derivatives of K and K agree 
at o=0 but K(™(0) ~A KD (0). By taking the r-th derivatives of the 
differential equations satisfied by x, x it is easy to see from Leibnitz’s theorem 
that the (r-+ 2)-nd derivative of each of x(x) can be expressed in terms 
of at most the r-th derivative of K(K) and x(x). In particular, since 
x(0) = X(0), x’(0) = x(0), the differential equations assume y”(0) = x" (0) 
and by taking r we see that y’’(0) = Continuing in this way 
we see that = (c=0,1,- 2). 

By differentiating the equations in C,, Cz, n+ 1 times and evaluating 
for o = 0 it follows that the (n+ 1)-st derivaties of p, p and of p, p agree 
for o = 0, to establish the theorem. 


3. An approximation to a polytropic gas. For a polytropic gas 
(13) p = 0<n=—y' <i, 
(14) = — 2p "/k(1—n), 


where & and q denote constants for irrotational flow, g being the maximum 
speed. For the acoustic pressure p, we find 


(15) Dy = [kng?(1—n) (1 + 
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from which we find 
If K(o) is expanded in a power series about o = 0, 
(17) 
there being no constant term due to (4) and (5). Clearly 
a= K’'(0) = | — | 
We now employ (14) to find 
(18) a—=px*(y +1). 
By suitable choice of units we can realize 
(19) +1, ie, ol. 


For the first approximation K(o) =o to (17) the program outlined in 
Sections 1 and 2 for obtaining a flow in the physical plane was carried out 
by Martin and Thickstun [7] for the particular solution @= oy + 3-"y* of 
(6). It is the purpose of this paper to carry out a similar investigation 
beginning with the second approximation K = o«— bo’ to (17). 

Accordingly, we again employ (4) and (5) to obtain 


= — 27K" (0) = — 4990(— 9° ] 
which with (14), (3), (15), (16), and (19) yields 
(20) b= 24(2y +5) (y 


For air y (approx.) and = 2.9129 (approx.). It is convenient to 
set 8? — 2b and from now on we shall take 


D=Ps 


(21) K (oe) =o — 2780’. 


By a T.-gas we understand a fluid whose equation of state p= p(p) is 
defined by (11) and (12) for K as given in (21). Equation (9) now becomes 


(22) xoo — (o — = 0 


and by suitably adjusting the two arbitrary constants in the general solution 
of (22) and taking C = p, in (12) we can realize 


(23) q(0) = qs; p(9) = px, p(0) = px. 


Thus the speed, density, and pressure of a T.-gas along the sonic line 
in the physical plane can be brought into agreement with the acoustic values 
of these quantities for a polytropic gas. 


TRANSONIC FLOW OF A POLYTROPIC GAS. 4% 


Using (17) and (21) as K and K in the theorem of Section 2 it follows 
that the graphs of the equations of state for a 7-gas and for a polytropic 
gas have contact of order at least three at (py, px). Further computation 
shows that the contact is exactly of order 3. 


4. The equation of state for a T,-gas. To investigate the equation of 
state for a T.-gas we use (22) to study the manner in which y varies with o. 
The existence theorem for linear equations [4] assures us of a unique solution 
xX =x(c), once we prescribe x(0) and xo(0) = 


(p,.0)(6,0) |(28™o) 


Fie. 1. 


As Figure 1 indicates and (22) implies the graph of x= (oc) has an 
inflection point at (0, q4°"), is concave downward for o < 0, and cuts the 
c-axis at an acute angle at a point (¢,0), where —py<¢<0. For 


(o 
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0<o < 28°, the graph is concave upward with a second point of inflection 


at o = 28° after which point the graph is concave downward. 
The graph has a horizontal tangent for o—o* where o* > 28°. To 
see this we write (22) in the form 


Xo = + | o (28? xdo. 


We may assume that as o increases y > x(23-*), otherwise yo would vanish 
by Rolle’s theorem and the assertion is immediately true. Under this assump- 
tion it is readily seen that the second member of the abo,e equation eventually 
becomes negative so that ys 0 must hold for some o ==o* as stated. 

From (8) the speed of flow is infinite for o—c and from (11) the 
density is infinite for o—o*. We shall accordingly restrict ourselves to 
values of o between @ and o*. 

To study p as a function of o in the interval (¢,0*), we note from (9) 
and (11) that p satisfies the Riccati differential equation 


(24) ’=1— Kp? = 1 + (2718s — 1) p*. 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


(28° 0) (o%0) 


Fig. 2. 


| 
| 
| 

9” 
(6,0) 
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As Figure 2 indicates p increases monotonically from 0 to +0 as o 
ranges from ¢ to o*. To verify that p’ > 0 in the interval (¢,0*) we first 
observe from (24) that p’=1 for o—0. Moreover p’ cannot vanish in this 
interval. Indeed, if p’(oo) 0 we shall have from (24) 

(25) (a0) [oo(1 — ) 
This implies that 0 < 6 < 28° and since p’=1 in the closed interval 
(0, 28°?) by (24), the curve p= p(c) lies below the straight line p =o + px 
in the interval under consideration. It is easy to show that the curve 
p? = [o(1 — 2-*8°o |" lies entirely above this same line which would contra- 
dict (25). Thus p is an increasing function of o in (¢,o*). 
From (12) and (23) the pressure p is given by p= px +f x “do. 
0 

It is clear that p is an increasing function of o and from Figure 1 we 

see that as o tends to o* p tends to a finite value p,. As o tends to oc, 


p tends to —oo since the expansion x(o) =a(o—@) +---, a0, is valid 
about o =<, since the graph of x — x(q) cuts the o-axis at an acute angle 


at (c,0). 


A 


(Px, Pr) 


Fia. 3. 


© 
S 

& | 
| 
| | 
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The graph p= p(p) of the equation of state is shown in Figure 3 and 
is obtained by a comparison of Figures 1 and 2. 


5.’ The direction function. We seek solutions to (6) with K defined 
by (21) of the form 


(26) Wo Yio + 


where Yo, yi, and Y. denote unknown functions. Substituting from (26) 
into (6) and integrating with respect to y, we find 


o — = (Xo + 22) (Yo + + + 
where the arbitrary function ¥)—%o(c) is introduced by the integration. 
We restrict ourselves to the special case 3), = constant and set 


to obtain 
o — = + + — (i + 


which, on equating coefficients of like powers of «, yields the following system 
of differential equations for Yo, Wo. 


(a) = 0, (b) — = 1, 
(C) Poa” — = — 8, 


To integrate (27¢) we set yo" and this equation is replaced by 
©” — §°6* — 0 a first integral of which is 6’? = 2-1§°6*—(C, C const. If 
we set C = 2-18? we find 


(27) 


— Had, —8>0, 


from which we see [9] that y-. is the elliptic function y= cndy, with modulus 
== 2-3, 

To find y, we multiply (27b) through by y2? and integrate, to obtain 
vi = Yo" fyo*8y which, on substituting for y, and integrating, yields 
Yi = d'sndydndy, provided we assume y,(0) = 0. 

From (27a) we find, on substituting for y,, y2 as given above, that 
Yo = 2°78? (ncdy — cn*Sy), and this, with the aid of the formulae [8] 


fcn®udu = snudnu; {ncudu = 24ln(2-4scu + deu) 


yields = + dcedy) — 2-18 *sn8ydnbdy, provided we again 
assume ¥(0) = 0. 
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On substituting for Wo, ¥1, v2 in (26) we find the solution 
(28) 6 = 2718-3 [ 241n(2-4sc8y + dcesy) — sndydnédy (1 — 8c)? ] 


to (6) for K as given in (21). 

It seems unlikely that this solution could be obtained from Frankl’s 
equation by any method which depends upon seeking for solutions explicitly 
of the form y 

It is interesting to note that if we let 8 approach 0 in (21), (28), we 
obtain K =o, 6=oy + 3-y%, i.e. the solution to Tricomi’s equation treated 
by Martin and Thickstun [7]. 


6. The mapping from the (¢, ¥)-plane to the physical plane. A com- 
putation based on (7) reveals that 


J = y)/0(o, ~) = Oy*(K + 00%) xxo, 
which for K as in (21), and for the special solution (28), reduces to 
(29) J = *cndy. 

We study the mapping upon the physical plane of the region 


where x is the quarter-period of the elliptic function enu with modulus k = 2-3. 
It is clear from (29) that 0 << J < +o at every point of this region inasmuch 
as from Section 4, p and g remain finite and positive for¢ <o0<o*. Thus 
the mapping upon the physical plane is one-to-one locally although a region 
of the physical plane may be covered more than once. The streamlines and 
isovels in the physical plane are the transforms of the straight lines y = const., 
= const. in the (0, y)-plane. 


The required mapping 
(30) fg {cndydo + [d*sndpdndy (1 — + 


where 6 is given by (28), is obtained by substituting for 0c, 6y from (28), 
for K from (21), for x from (10), and for x“*xo from (11) into (7). 

To obtain a streamline in the physical plane the line integral in (30) 
is evaluated along the path 0AP in Figure 4 for a fixed A and variable B; 
to obtain an isovel the integration is carried out along the path OBP, with 
B fixed and A variable. 
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(&,0) 


(0,-8'k) 


Fia. 4. 


Since z(o, —y) =Z(o,y), from (30), it is clear that the flow is sym- 
metric with respect to the z-axis and we accordingly restrict our attention to 
the upper half of the physical plane. 

To obtain the sonic line in the physical plane we set o—0O in (30), 
and find 


(31) Zam S*sndydndy + tp, | dy 
0 
where from (28), 
6 = 2-18-3[ 24/n(2-4scdy + dcedp) — sndydndy]. 
Thus we obtain parametric equations for the sonic line with y serving as 
parameter. 


If we denote the inclination of the tangent to the sonic line by ¢, so that 
= arg zy =6-+ 8, where 


B = arc cot (d"p,sndydndy). 
The derivatives of 6 and 8 with respect to wy are given by 
by = (ncdy — cn*8y), By = — (8? + 


When B=2/2, 6=0 and ¢—7/2. As y varies from 0 to 
6 increases monotonely from 0 to + while B decreases monotonely from 7/2 
to the first quadrant angle arc-cot (2-45-"p,.). It follows that @ must decrease 


(0,8) 
o 
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until a point of inflection is reached and thereafter increases without limit. 
The length of the sonic line measured from the origin is given by 


S= f + 8°) 4dt, 


from which we conclude that the length of the curve cannot exceed 
k (puqx5°)~* (2-*p4”? + 8°)4. Hence the sonic line spirals into a finite point as 
is shown in Figure 5. 


4 


To obtain the streamline y = 0 we set y —0 in (30) to obtain 


Fie. 5. 


i.e., the segment x < 2* of the z-axis where and —2(o*) 
are finite points, since the corresponding areas under the curve y= (oe) in 
Figure 1 are finite. 
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To obtain an isovel o =o, = constant we set o =o; in (30) and integrate 
along OBP in Figure 4 with 0B =o, and A variable. This yields 


[8-1sndydndy (1 — + i/p(ox) ]dy. 


Then arg zy = 6+ 8B where 6(01,y), 
B = arc cot[8*p(o,) sndpdndy (1 — J. 


By an argument similar to the one employed in studying the sonic line we 
find that all the isovels are spiral in character and intersect the z-axis at 
right angles. The isovel o = 8’, shown in Figure 5, is orthogonal to all the 
streamlines since B = 7/2 at every point of this curve. 

A streamline y = ¥, = constant is found by setting yy, in (30) and 
integrating along 0OAP in Figure 4 with 0A =y, and B variable. We find 


xe"do, where @ is obtained from (28) by setting 
0 


and where z, is the point on the sonic line corresponding to y = q,. 

From (28) we find that 0c = (28) -*snSydndy(1— Thus along the 
streamline y = y,, 6 increases as o varies from o@ to 8? and then decreases 
until = o%*. 

The are length s along yy, measured from z=—2z, to an arbitrary 


isovel o =» is given by 
2, to = x(t) dt 
0 


where 2, is the distance along the z-axis between the sonic line and the isovel 
o=o,. It is apparent that, as y, approaches 81x, the two isovels approach 
each other and consequently all isovels spiral into the same point. 

The flow begins at the “starting line” oc along which the speed is 
infinite. The flow particles move toward the sonic line at supersonic speed 
after which they move toward the isovel o = o* at subsonic speed upon which 
the density p becomes infinite in view of (11). The flow is illustrated in 


Figure 5. 


Appendix. 


It is interesting to compare the graphs of the functions K = K(c) for 
a T,-gas and a T.-gas with the graph for a polytropic gas. For a T-gas 
K(o) =o and for a T,-gas K(o) is given by (21). To graph K = K(c) 
for a polytropic gas we have from (24) 


= 1— (dp/dp)/(do/dp) 
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and then employ (4), (13), and (14) to obtain K=K(p), o=—o(p) as 


follows : 
K=[(14+ n)p*"— (1— n)knq’?]/[ (1 — n) k?p***], 
De 
These are parametric equations of the required curve with the pressure p 
serving as parameter. When p—0,K —-—oo and as p increases to po 
(stagnation pressure) K increases monotonely from —oo to k-*p.-?"; when 
p=Px, K=0. 
Since do/dp—=q- we see that as p increases from p=—0 to p= py, 
o increases monotonely from a negative constant to +o ; when p= p,, o = 0. 


Te-GAS 


6. 


Therefore, as o varies from a negative constant to +0, K(oc) for a polytropic 
gas increases monotonely from —oo to k-*p,?". The graphs of the three 
functions K (oc) are exhibited in Figure 6. The shape of the curve K = K(c) 
for a polytropic gas may suggest other possible functions K(c) as 
approximations. 
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CORRECTION TO THE PAPER “ON THE SPHERICAL CON. 
VERGENCE OF MULTIPLE FOURIER SERIES.” * 


By JOSEPHINE MITCHELL. 


It has been pointed out by L. Schoenfeld that the proofs of Theorems 2.1 
and 3.1 in [3] contain certain errors. In this note we give a proof of 
Theorem 2.1 which replaces the van der Corput method used in [3] by 
another method found in the theory of lattice points in the circle [2]. 

Let e(X) =e‘, 


(1) S(R) = y), Kr(x,y) e(me+ny), 


and 
(2) | Ke(a—a,8—y)dz dy 


— de dy 
(from the periodicity of the exponential system). 
THEOREM 2.1[3]. The spherical Lebesgue function Lp(a, B) is O(R%). 


Proof. The following formula may be proved as in [2, pp. 204-6]. 
For R > 0, 
R 
(3) J S(t)dt= Ip(t)dt=—4eR 
0 0 


j.k=-00 


where 


(4) I,(R) = e(aym + byn)dm dn = 


m*+n2=R 


= + aj = + De = y + and J,(z), Jo(z) are Bessel’s 
functions. Series (3) converges absolutely. Now 


* Received May 17, 1952; revised July 7, 1952. 
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R+R1/3 Ri‘ R+R1/3 


=8,+8,. From the bounds O(z+) for J,(z) and J.(z) and O(7? + k?) 
for rj,2 if j? + k? 40, and Theorem 506 in [2] it follows that S, is O(R*/*) 
and is O(R?/* + (2? 4+- y?)-*/*) 5 + y?~0. Thus 


R+R14 
R 
Also, if R=t=R-+ then 
S(t) —S(R) 1) =0(t—R+ =0(R") 
R<m*+n*St 


([2], p. 188, (682)). Consequently 


R+R1/3 
J S(t) dt — + O(R*), 
R 
so that 
(8) S(R) = O( + RY4 (2? + y?)-/), 
and 


Remark 1. By a more precise analysis it can be proved that Lr(a, B) 


is O(R’*). 


Remark 2. Unfortunately this method is not applicable to series with 
more than two subscripts since the series corresponding to (3) is no longer 
absolutely convergent. 


Remark 3. From Theorem 2.1 [3], follows Theorem 2.2. of [3], 
namely: If 


=(m? + n?)¥? | amn |? <0, then lim + np) 


R-w vSR v=m?+n 


exists almost everywhere on (—a7 Synz). 


However, a much stronger theorem is true for general orthogonal series 


as we proved in [4] by an entirely different method: 
If the series 3’ log?(m,? + - 1m then the multiple 
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orthogonal series 3dm,...m,m,...m, 18 spherically convergent almost everywhere 
on the domain of definition of the complete orthonormal system ¢. 

From this theorem it follows easily that the R-th spherical partial sum 
of the multiple orthogonal series is O(log R) (cf. [1], p. 164) but apparently 
one can conclude nothing about the order of the spherical Lebesgue function. 
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COHOMOLOGY RELATIONS IN PRINCIPAL FIBER SPACES.* 


By Szu-tsen Hv. 


Introduction. In 1949, Eckmann published an interesting relation [1] 
between the Betti numbers of a finite polyhedron B and a regular covering 
space X of B with finite leaves. If we consider the cohomology group H"(1) 
with real coefficients, then H"(X) is a real vector space of finite dimension 
p"(X), namely, the n-th Betti number of X. If G denotes the finite group 
of covering transformations of A, then G acts on the vector space H"(X) by 
means of a linear representation of G. For each ge @ let x"(g) denote the 
character of the linear transformation of H"(X) determined by g in this 
natural linear representation of G. Let m be the order of G. Then, according 
to Eckmann [1], the Betti number p"(B) of B is given by p"(B) = 2 x"(9)/m. 


The purpose of the present work is to generalize this result of Eckmann 
to a more general class of spaces. Since a regular covering space X over a 
locally connected space B is a principal fiber bundle over B with a discrete 
structural group G, it is natural to ask if there is an analogous relation for 
the compact principal fiber bundles with compact zero-dimensional structural 
groups. The question is answered affirmatively in the present paper in a 
more general form under some minor conditions. In fact, we shall prove the 
following theorem for the class of all compact metrizable principal fiber spaces 
with compact zero-dimensional structural groups in the sense of Bourbaki 
as defined in §1. It obviously includes all compact metrizable principal fiber 


bundles with compact zero-dimensional structural groups. 


THEOREM I. If X is a compact metrizable* principal fiber space over 
B with projection p: X — B and a compact zero-dimensional structural group 
G, then the homomorphism p*:H(B)—>H(X) of the Cech cohomology 
rings with real coefficients induced by the projection p:X +B maps H(B) 
isomorphically onto the invariant subring H,(X) of H(X). 


Here, the invariant subring H,(X) of H(X) is defined as follows. By 


* Received December 3, 1951; revised April 24, 1952. 
1 The metrizability which we imposed on X is used only in the construction of our 
third special covering in §7. It is most likely that Theorem I is true without assuming 


X to be metrizable. 
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definition, G acts as a group of transformations on the right of X. Let 
W,:X—X denote the transformation associated with the element g in G, 
then W, induces an automorphism W*,:H(X)—>H(X) of H(X). The 
invariant subring H,(X) of H(X) consists of the totality of elements held 
fixed by W*, for all elements g in G. Obviously, H,(X) is determined by 
H(X) and the operations of G on H(X) defined by g > W*,. Hence we 
have the following corollary. 


CorotLary II. Up to an isomorphism, H(B) is completely determined 
| by H(X) and the operations of G on H(X). 


The following corollary generalizes a theorem of G. Hirsch [2, p. 226] 
and B. Eckmann [1, p. 98]. 


Corottary III. H(B) ts isomorphic with H(X) if and only if, for 
each ge G, W*, is the identity automorphism of H(X). 


For each integer n = 0, let p"(X) denote the dimension of H"(X) as a 
real vector space. As usual, p"(X) is called the n-th Betti number of X. 
Similarly we define p"(B). If, for a certain given integer n= 0, p"(X) is 
finite, then H"(X) is a real vector space of finite dimension p"(X) and it can 
be seen that the correspondence g > p(g) = W*,|H"(X) defines a linear 
representation p of degree p"(X). For each geG, let x"(g) denote the 
character of the linear transformation p(g). According to Theorem I, p"(B) 
is equal to the dimension of the subspace H,”"(X) of H"(X) which consists 
of the totality of elements of H"(X) held fixed under this linear repre- 
sentation p of G. Since G is a compact group, the representation p is decom- 
posable into a finite system of irreducible representations p,,°- -p,. Then 
r= p"(B) and exactly p"(B) of these irreducible representations are trivial 
representations of degree 1. If we denote by yi"(g), 1=1,2,---,7, the 
character of the linear transformation p;(g), then the following equality holds, 
[5, p. 112], x"(g) =xi"(g) +: +x"(g). If pi is a trivial representation 
of degree 1, then y;"(g) = 1 for each ge G. If p; is a non-trivial irreducible 


representation, then it is well-known [5, Theorem 24] that f xi"(g) = 0. 
G 


The integration is taken with respect to the unique Haar measure in G@ such 
that th measure of G is unity. Hence we obtain the following corollary 
which includes Eckmann’s formula as a special case. 


Corottary IV. If p"(X) is finite, so is and p"(B) = x"(g)dg. 
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An application to the local properties of the homogeneous spaces is given 
at the end of the paper. 


1. Principal fiber spaces. Let G be a topological group acting as a 
group of transformations on the right of a Hausdorff space X. By this we 
mean that, with each element g in G, there is associated a transformation 
W,:X —X such that, if we use the notation W,(r) —2zg, the following 
conditions are satisfied: 


[o:'3) xg is continuous in z and g simultaneously ; 
(1.2) (@9:) 92 = 2(9:92); (xe 
(1. 3) re = 2, (xe X), 


where e denotes the neutral element of G. More precisely, the condition (1. 1) 
means that the map ®: X K G—>X defined by taking @(z, 9) = 2g for each 
xe X and geG is continuous. Obviously W, is a homeomorphism of X for 
each geG. 

Two points z and y in X are said to be equivalent if there exists an 
element g in G such that y= 2g. This equivalence relation divides the points 
of X into disjoint equivalence classes called the orbits of G in X. The orbit 
which contains the point xe X will be denoted by xG. Hence tG = yG if 
and only if x and y are equivalent. Let B denote the set of all orbits of G 
in X. There is a natural map p: X — B of X onto B defined by p(x) = 2G 
for each re X. Let us give B the identification topology determined by p. 
That is to say, a subset V in B is called open if and only if p-*(V) is an open 
set in XY. The topological space B thus obtained will be called the orbit 
space of the transformation group G. G will be called a regular trans- 
formation group on the right of X if its orbit space B is a Hausdorff space. 


(1.4) Lemma. The natural map p: X > B is both continuous and open [6]. 


Proof. The continuity of p follows directly from the definition of the 
identification topology in B determined by p. To prove that p is open, let 
U be an arbitrary open set in X and call V—p(U). It remains to show 
that p*(V) is an open set in XY. By the definition of p, the set p*(V) 
consists of the totality of the points zg in X such that te U and geG. 
Hence p*(V) is the union UG of the sets W,(U) for all g in G. For each 
g in G, W, is a homeomorphism of X. This implies that W,(U) is open 
and hence, as a union of open sets, p-*(V) is open. This completes the proof. 

In the topological product space X &K X, let Q denote the set which 
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consists of the points (x,y) in X X X such that x and y are equivalent. 
Q will be called the graph of the transformation group G. G is a regular 
transformation group on the right of X if and only if its graph Q is a closed 
subset of X & X, [6]. 

If a regular transformation group @ operates on the right of a Hausdorff 
space X in such a way that, for each point (x,y) in the graph Q of G, there 
exists only one element g—u/(z,y) in G@ such that y=2zg and that the 
correspondence (z,y) u(z,y) defines a continuous map u:Q—G, then 
X is said to be a principal fiber space [6] with structural group G. The 
orbits of G in X are called the fibers of X and the orbit space B of G@ is 
called the base space of X. The natural map p:X — B of X onto B will be 
called the projection. For each point x in X, the correspondence g > 2g 
obviously defines a homeomorphism p,:G—2aG of the structural group G 
onto the fiber 2G which contains x. p, will be called the perspection at zx. 
Obviously we have u(z, pz(g)) =g for every re X and geG. 

The class of all principal fiber spaces obviously contains all principal 
fiber bundles [7, p. 35]. The converse does not hold as shown by the following 
important example. Let X be a topological group and G a closed subgroup 
of Y. Let G operate on the right of X by means of right translations. Then 
X is obviously a principal fiber space with structural group G and base space 
B=X/G, [6]. However, X is a principal fiber bundle over B if and only 
if there is a local cross-section [7, p. 31]. 


2. The cohomology rings. Throughout the sections 2-8, we shall 
assume that XY is a compact metrizable principal fiber space with a compact 
zero-dimensional structural group G. It follows that the base space B of X 
is also compact. We shall use all of the notations given in the previous 
section. 

In order to apply the theorems established in a previous work [3], 
we shall define G to be a left transformation group of X as follows. For 
each element g in G, define a homeomorphism 7',:X —~ X of X by taking 
T,(x) =2g", (ce X). Then clearly we have the following properties: 


(2. 1) T,(x) is continuous in g and & simultaneously. 
(2. 3) T. is the identity transformation of X. 


Hence @ is acting in this way as a transformation group on the left of X. 
Throughout the paper, we shall denote by RF the topological field of real 


t 
‘ 
— 
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numbers and we shall use R as the only coefficient ring. Let H(X) and 
H(B) denote the continuous cohomology rings respectively of the spaces X 
and B as defined in § 4 of the previous paper [3]. Since X and B are com- 
pact Hausdorff spaces it follows from Theorem 5.1 of [3] that they are 
isomorphic with the Cech cohomology rings. 

Let H;(X) denote the invariant cohomology ring [8, §7] of X with G 
acting on the left of X by means of the homeomorphisms 7’. According to 
[3, § 7], there is a natural ring homeomorphism j*: H;(X) > H(X). Since 
G is compact, it follows from Theorem 10.1 of [3] that 7* is an isomorphism 
of H;(X) into H(X). 

For each element g in G, the homeomorphism 7: Y — X induces as in 
[3, § 6] an automorphism 7*,: H(X) —- H(X) of the continuous cohomology 
ring H(X). Let H,(X) denote the subring of H(X) which consists of the 
elements held fixed by the automorphisms 7*, for all g in G. Obviously 7* 
maps H,;(X) into the invariant subring H,(X) of H(X). By some obvious 
modifications of the proof of the fundamental lemma in [3, § 9], one can 
prove that j* maps H;(X) onto H,,(X). Hence we have proved the following 
theorem. 


(2.4) THrorEM. The natural ring homomorphism j*: H)(X) > H(X) 
maps H;(X) isomorphically onto the invariant subring H,(X) of H(X). 


3. The induced homomorphisms. The projection p:X —B induces 
according to [3, § 6] an induced homomorphism p*: H(B) ~ H(X). Since, 
for each continuous n-function ¢: B"*' > R of the base space B, the induced 
continuous n-function is defined by (p*) 
= (pXo, PX1, Pn) for every (Xo, 71,° of and since pl’, p 
for each g in G, it follows that p*¢ is an invariant continuous n-function of X. 
Hence we obtain a natural induced ring homomorphism p*;: H(B) ~ H;(X). 
Obviously we have 
(3.1) pt — 

(3.2) The fundamental lemma. p*; maps H(B) isomorphically into 

H,(X). 
The proof of this fundamental lemma will be given in § 8. 


The following theorem is a direct consequence of (3. 1), (3. 2), and (2. 4). 


(3.3) THroreM. The ring homomorphism p*: H(B)— H(X) induced 
by the projection p: X + B maps the continuous cohomology ring H(B) of B 


fe 
f 
ti 
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isomorphically onto the invariant subring H,(X) of the continuous cohomology 
ring H(X) of X. 


The Theorem I of the introduction follows from (3.3) and the natural 
equivalence between the Cech cohomology theory and the continuous co- 
homology theory of compact Hausdorff spaces. 


4, Strongly invariant n-functions. Let A be an arbitrary open (and 
hence closed) subgroup of G. A continuous n-function ¢: X¥"*!— RF of the 
space X is said to be strongly invariant with respect to K tf 6(Xogoy* + * 5 XnGn) 
== for all aeX and all geK, t==0,---,n. If is 
strongly invariant with respect to K, then so is the coboundary $¢ of ¢. 


Remark. Since the projection p: X — B is open, so is the induced map 
Hence is an identication map. Therefore by White- 
head’s lemma [8], p# gives a one-to-one correspondence between the continuous 
n-functions on B and those continuous n-functions on XY which are strongly 
invariant with respect to G. 


5. The strong smoothing operator Ix. For any given open subgroup 
K of G, we are going to define a strong smoothing operator Ix on the con- 
tinuous n-functions of X as follows. Define a function x:@G— RF by taking 
x(g) =1 if g is in K and x(g) —0 otherwise. Since K is open and closed, 
x is continuous on G. Since G is a compact group, there is a unique Haar 
measure in @ with the measure of G being 1. Let k denote the measure 


of K, that is to say b= f xk(g)dg. For each continuous n-function 
G 


> the continuous n-function X"**-—> R is defined by 


for each point (%,° of X"**. The continuity of the n-function 
follows from that of ¢ as well as the fact that zg is simultaneously con- 
tinuous in x and g. The basic properties of the operator Ix are given in the 
following assertions. 


(5. 1) = Ix (8$). 


Proof. Let (%,° * *,%ni1) be an arbitrary point of X"**, then we have ? 


* The circumflex over x, indicates that a, is omitted, and similarly for other places. 


~ 


a 
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n+1 
(8lx¢) (Zo, Tn+1) (— 1)‘ (Xo, Li, Tns1) 
=0 
n+1 
i=0 G G 
i=0 G G 
n+1 : 
JG G  i=0 
= 2ns1). This completes the proof of (5.1). 
(5.2) Ind is strongly invariant with respect to K. 


Proof. It follows easily from the definition of the function « that 
x(hg) = «(g), (ge G,heK). Then we have 


= kon J. $(XoJo, LnJn)k(Jo) K(gn)dgo dgn 


(Ix)(o,° * En) 
for all z,e X and all hie K,i—0,---,n. This completes the proof of (5. 2). 
(5.3) If ¢ is strongly invariant with respect to K, then Ino = 4. 


Proof. Let go: * *,9n be arbitrarily given elements of G. If g:¢ K for 
all 0,---,n, then $(2%0Go,° for every point 
(%,° otherwise, there is some g;# K and hence x(gi) =0. Hence, 
in any case, we always have 


for all a;e X and all gge G, i=0,--+,n. This implies that 


= 
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for every point *,%n) of This completes the proof of (5. 3). 


(5.4) If K is an open normal subgroup of G and if > is invariant 
(with respect to G), then Ig¢ is also invariant (with respect to G). 


Proof. Since K is a normal subgroup of G, it follows from the definition 
of x that «(ggig*) =x(gi), (ge G,gieG@). Since ¢ is invariant and the 
Haar measure in a compact group is both left and right invariant, one can 
easily deduce the following calculations: 


= hn f f $(Xo9o; TnJn)k(Go) K(9n) dgo dgn (Zo, 
G G 


for every point (%,° - *,%n) in X”** and every element g in G. This com- 
pletes the proof of (5. 4). 


(5.5) If every point xe X has an open neighborhood Vz in X such 
that =0 for all and all ge K, 
then Ix is of empty support, (see [3, § 2]). 


Proof. Let x be an arbitrary given point of X. Let (%,---+,@n) be 
any point of X”*? such that V, for alli =0,---,n. Consider any n+ 1 
elements go,° of G. If gie K for all 1=0,---,n, then it follows 
from the hypothesis that otherwise, there is some 
git K and hence x(gi;) =0. Hence, in any case, we always have 


This implies that (In) = 0 and hence z is not in the support 
of Ixp. Since « is arbitrary, the support of Ix@ must be empty. This com- 
pletes the proof of (5.5). 


6. The operator Qx. For any given n + 1 elements g,---,9n of G, we 
construct an operator P,, 


gn Which associates with each continuous (n + 1)- 
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function ¢: X"*? R on X a continuous n-function P > R on 
X defined by 


n 


(Py, pants om ?)(Xos Ln) (— Vi," * Tn) 
i=0 
for ev:ry point (%,° in 
Direct calculation shows that $(%o,° — * * > 


n+1 
for any point of X"** and arbitrary elements Of G. 
Now let K denote an open (and hence closed) subgroup with measure k 
and characteristic function x as in the previous section. We construct an 
operator Qx which associates with each continuous (n + 1)-function ¢: X"*” 
— FR on X a continuous n-function R on X defined by 


(Qxb)(Xo, Ln) 


for each point (%,° - -,%n) in X"**. The basic properties of the operator Qx 


are given in the following assertions. 


(6.1) If K is an open normal subgroup of G and if ¢ is invariant 
(with respect to G), then Qxr¢@ is also invariant (with respect to G). 


Proof. Since K is a normal subgroup of G and x is the characteristic 


function of K in G, we have x(ggig*) =«x(gi), (ge G,gieG). Since ¢ is 
invariant and the Haar measure in a compact group is both left and right 
invariant, one can easily deduce the following calculations: 


(Oxd)(xo9, Ing) 


i=0 G G 
i=0 7G G 


i=0 G 


/G G 
= (Qxd)(o,* Tn) 


G 

7G 
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for every point (2%,° * *,;%n) in X"** and every element g in G. This com- 
pletes the proof of (6.1). 

(6.2) If every point xe X has an open neighborhood Vz in X such 
that Jnsi) = 0 for all ae Vz and all ge K,1=0,---,n+1, 
then Qxd is of empty support. 

Proof. Let x be an arbitrarily given point of X. Let (a,---+,@n) be 
any point of X”*? such that aeV, for all +—0,---,n. Consider any 
elements of G. If ge K for all 1+—0,---,n, then it 
follows from the hypothesis that $(%ogo,° =O for all 
and hence 


otherwise, there is some g;# K and hence x(gi;) =0. Hence, in any case, 
we always have 
P gnP (Zo; >In) Kk (Go) (gn) = 0. 
This imples that (Qi) %n) = 0 and hence z is not in the support 
of Qxd. Since @ is arbitrary, the support of Qxd must be empty. This 
completes the proof of (6. 2). 
(6.3) ¢—Ind=8(Qxd) + Ox(S$). 


Proof. For any point +, in X"**, we have 


X «(go)* «(Ynsi)dgo* * * Agnes 


$=0 


G G 
i=0 G G 


Oxdh(Zo, 


n+1 


Since (%,° * *,%ns1) is arbitrary, this completes the proof of (6.3). 


n 
| 
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7. Some special coverings. Throughout the present section, let us 
denote by 11 = {U,|yeX} a given covering of the space X which associates 
with each point ye X an open neighborhood U, of y in X. We are going 
to construct a number of special refinements of UW which will be used in the 
proof of the fundamental lemma in § 8. 

Since G is a compact zero-dimensional group, it follows from the simul- 
taneous continuity of xg in x and g that, for each point ye X, there exists 
an open neighborhood V, of y in X and an open (and hence closed) normal 
subgrour K, of G@ such that age U,, (xe Vy,geK,). Since X is compact, 
there exist a finite number of points y;,° - -,%m of X such that the open sets 
Vy, cover the space X. For simplicity of notations, let U,,, 
Vi=V,,, Ki=K,, for each i=1,---,m. Thus we have constructed our 
first special refinement B= {V,,:- +, Vm} of the given covering U. 

The intersection K of the open normal subgroups K,,---:,Km of G 
is an open (and hence closed) normal subgroup of G. K will be called the 
open normal subgroup of G constructed with our first special refinement V. 
The first special refinement % of the covering U and the corresponding open 
normal subgroup K of G obviously have the following property: 


(7.1) For each open set V; of B. re V; and ge K imply that xg e Ui. 

Throughout the remainder of the section, we assume that we have a fixed 
first refinement B of U1 and the corresponding open normal subgroup K of G. 
Since K is an open subgroup of G, it follows from a lemma of J. P. Serre [6] 
that there exists an open covering Yi=—{M,,---, M,} of the space X, 
called our second special refinement of the given covering WU, such that it 
refines B and satisfies the following condition : 


(7.2) If x and y are two equivalent points (see § 2) in some open set 
of the covering Mt, then there exists an element h in K such that y= ch. 

So far we have not yet used the standing hypothesis that X is metrizable. 
To construct our third special refinement of WU, we shall make use of the 
metrizability.2 We assert that there exists a distance function p: X? > FR on 
X which is invariant under G, that is to say p(rg,yg) —p(z,y) (reX, 
ye X,geG). In fact, let p*:X*-—>R be any distance function on the 
metrizable space XY. Then an invariant distance function p is given by 


p(t, y) = f p* (xg, yg)dg for each pair of points x and y in X. 
G 


8 This is the only place where the metrizability of X is used. The author has not 
been able to construct a refinement WN of a given open covering M which satisfies (7.3) 
without the help of a distance function invariant under the operations of G on X. 


‘ 
* 
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Let p be a given invariant distance function on X and denote by A(Dt) 
the Lebesgue number of the covering Mt, [4, p. 37]. Take a finite covering 
MN = {N,,---, Ns} of X such that the diameter of each open set N; of MN 
is less than $A(Mt). The covering 9 will be called our third special refine- 
ment of the covering U and satisfies the following condition: 


(7.3) For any two open sets N; and N; (same or different) of the 
covering Xt and any two elements g and h in G, tf Nig and Njh have a 
common point, then there is an open set of covering Yt which contains both 
Nig and N;h. 


Proof. Since the distance function p is invariant under G, the diameters 
of Nig and N;h are less than $A(Mt). If Nig and N;h have a common point, 
then the union NigU Nh is of diameter jess than A(Mt). By the definition 
of the Lebesgue number A(t), there is an open set of the covering Mt 
which contains NigUN;h. This completes the proof of (7.3). 


8. Proof of the fundamental lemma. Let n=O be an arbitrarily 
given integer. It suffices to prove that p*; maps the n-th continuous coho- 
mology group H"(B) of B isomorphically onto the n-th invariant cohomology 
group H",(X) of X. 

For convenience of the proof, let us first dispose of the simplest case 
n= 0. Let w be any element of H°(B) such that p*;(w) =0. Choose a 
representative continuous 0-cocycle c=[¢]| for w, where ¢: B—> AF is a con- 
tinuous 0-function of B. Since the induced invariant continuous 0-function 
ptp of X represents the element p*;(w) 0, the support of p#d is empty. 
By the definition of the support for this particular case n = 0, this implies 
that p?¢—0. Hence ¢=—0. This proves that maps H°(B)_ iso- 
morphically into H°;(X). 

To prove that p*; maps H®(B) onto H°;(X), let z denote an arbitrary 
element of H°;(X). z is represented by an invariant continuous 0-cocycle 
d= [wy] of X, where y: X > AF is an invariant continuous 0-function of X. 
The invariance of implies that y(zg) (ce X,geG@); that is to 
say, y is constant on every fiber in XY. Hence we obtain a single-valued map 
¢=yp':B—R. According to a lemma of J. H. C. Whitehead [8, p. 1131], 
¢ is continuous and hence a continuous 0-function of B. We are going to 
show that the coboundary 8¢: B? > R of ¢ has empty support. Let b be an 
arbitrary point in B and choose a point x in X such that b= p(x). Since 
[Ww] is a cocycle, the coboundary dy:X?—>R must have empty support. 
Hence there is an open neighborhood U of x in X such that 8p(2, z,) 
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= = 0 whenever and are in U. Call V=p(U). Since 
p is an open map and b—p(z), V is an open neighborhood of 6 in B. 
Let 6, and b, be two arbitrary points in V. Choose z and z, in U such that 

o=p(%) and b,—p(2x,). Then we have 84$(bo, b:) = — (bo) 
=y(2,) —y(z.) =0. This implies that 6 is not in the support of 4¢. 
Since b is arbitrary, the support of 8 must be empty. Hence [¢] is a con- 
tinuous 0-cocycle of B and represents an element w of H°(B). Since clearly 
pip =, we have p*;(w) =z. This proves that p*; maps H°(B) onto 
I1°;(X) and disposes of the case n = 0. 

Hereafter in the proof, we shall assume that n >0. To prove that p*, 
maps H"(B) isomorphically into H";(X), let w be any element of H"(B) 
such that p*;(w) =0. We are going to show that w= 0. 

w is represented by a continuous n-cocycle c—[¢] of B, where 
¢: — R is a continuous n-function R is invariant and [p*d] 
is an invariant n-cocycle of X representing the element p*;(w). Since 
p*;(w) = 0, there exist an invariant continuous (n —1)-function é: 1" > R 
and a continuous n-function 7: 4"*'—>F# with empty support such that 


(8. 1) pig — + 9. 
Since both p*@ and d€ are invariant, so is ». 


Since the support of » is empty, we may choose for each point y in X 
an open neighborhood U, of y in X such that %1,° = 0 when- 
ever x; is in U, for each i1=0,1,- ~-,”. Thus we have obtained an open 
covering = {U,|yeX} of the space XY. Let B= {Vi,- --, Vm} denote 
the first special refinement of 11 constructed in §7 and let K denote the 
corresponding open normal subgroup of G. 

Let 6 = A" > Since K is an open normal 
subgroup of G, it follows from (5.4) that both 6 and 7 are invariant. We 
assert that + is of empty support. In fact, let x be an arbitrary point of 1. 
Choose an open set V; of the covering 8 which contains zx. By (7.1) and 
the definition of Ul, we have (2090, £191," =O for all ae V; and 
all ge K, 10,1, > -,n. Hence it follows from (5.5) that + is of empty 
support. More precisely, we have r(%,° - -,%,) =0 if the n+ 1 points 
%o.* * *)@m are contained in some open set V; of the covering &. 

Obviously p*¢ is strongly invariant with respect to G (and hence K). 
Applying the operator Ix on both sides of (8.1) and using (5.3) and (5.1), 


we obtain 


(8. 2) pte = 80+ 7. 


; 
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Now let Di=—{M,,---,M,}, --,Ns} denote respectively 
the second and the third special refinements of U1 constructed in §7%. Call 


L;=p(Ni), ((=1,:--+,s). Since p is an open map of X onto B, the 
collection = {L,,-- +, Ls} is an open covering of B. Let D denote the 
diagonal of the product space B”, namely, the closed subset of B” consisting 
of the points (bo,- +, 0n+) of B" such that bp Define an 


open neighborhood of D by means of the condition that a point (Do, Dns) 
is in L if and only if there is some open set L; of the covering LZ which 
contains the n points 

We shall define a function f: L > FR as follows. Let (bo,- - -, bn-1) be an 
arbitrary point of Z. According to the definition of L, there is some L; 
containing the n points bo,- - -,5n. Since L; = p(N;), there are n points 
in N; such that b; = for each 1=0,---,n—1. We 
define f(bo,° 0n1) =O0(%,° To justify this definition, we 
have to show that the value f(bo,- - -, 9n-.) so obtained depends neither on 
the choice of Z; nor on the choice of +. from Nj. 

g Vax {L,,- -, which 


Let LZ; be an arbitrary open set of the coverin 
contains the n points bo,-- +, Choose arbitrarily n points 
from N; such that b; = p(z*;) for each i—0,---,n—1. Since p(2*,) = dy 
= there is an element g in such that This implies that 
N; and Njg have a common point and hence, by (7.3), there is an open set 
of the covering Mi = {M,,- - -,M,} which contains both N; and Njg. Since 
and 1 n—1, are equivalent points, it follows from (7. 2) 
that there is an element k; of K with 2*; = ajgk;. Since 6 is strongly invariant 
with respect to K and invariant with respect to G@ according to (5.2) and 
(5.4), we have 


This completes the justification of the definition of the function f: L —> R. 


We are going to show that the function f: L—R is continuous. For 
any open set L; of the covering 2 = {Z,,- - -, Ls}, let Lj" denote the subset 
of B” which consists of the points (bo, - -,bn-1) of B" such that b,e L; for 
every 1=0,---,n—1. Let Nj” denote the subset of X” similarly defined. 
Lj" is an open set of B” and is contained in Z. Hence Lj" is an open set of L. 
Let p": N;"—>L;" denote the continuous map of N;" onto ZL," defined by 
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The topology of L;" as a subspace of B” coincides with the identification 
topology determined by the map p”". According to the construction of the 
function f: L R, one can easily see that f| Lj" = 0(p"). Hence it follows 
from Whitehead’s lemma [8, p. 1131] that f| LZ," is continuous. Since L is 
the union of the open sets L,",- - -,L,”", this proves the continuity of the 
function f:L R. 

Choose an open neighborhood L, of the diagonal D in B” such that the 
closure Cl(L,) of Ly is contained in L. According to Tietze’s extension 
theorem, there exists a continuous function B"—>R such that - , Ons) 
= f(bo,: *,bn+) whenever (bo,- -,bn+) is in Cl(L,). wy is by definition 
a continuous (n—1)-function of B. 

Let x: B™*-—>R denote the continuous n-function of B defined by 
x=¢— dy. We are going to prove that the support of x is empty. Let 
b be any given point of B. Since LZ, is an open neighborhood of the diagonal 
D in B", there is an open neighborhood W of b in B such that W is contained 
in some open set L; of the covering 2 = {L,,- - -,L.} and such that W™ is 
contained in Ly. Let bo, --,6n be any n+1 points in W. Since 
WCL j= p(N;), we may choose n+ 1 points 2%,--+,%n of N; such that 
bj = p(x) for each 1=0,:--,n. Then we have 


x(bo, bn) = bn) — 8y(do, bn) 
= #(boy Bn) — 3 (— 1) bn) 


n 
i=0 
=7(%,°**,%n). By our construction of the third special refinement 
M— {N,,---, Ns} in §7, NM is a refinement of the first refinement B and 
hence N; is contained in some open set of the covering B = {V,,- - -, Vn}. 
This implies that r(a,- - -,2,) =0. Hence we have proved that x is of 


empty support. 

Since ¢ = dy + x and x is of empty support, it follows that the cocycle 
[@] is a coboundary and hence w—0. This completes the proof that p*; 
maps H"(B) isomorphically into H;"(X). 

To prove that p*; maps H"(B) onto H;"(X), let z be an arbitrary 
element of H;"(X). z is represented by an invariant n-cocycle c= [4] of 
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X, where ¢:X"*'— RF is an invariant continuous n-function on X. Since 
[¢] is a cocyle, it follows that 5¢ has empty support. Hence we may choose 
for each point y in X an open neighborhood U, of y in X such that 
86 whenever 2; is in Uy for each i 
Thus we have obtained an open covering U—.{U,|yeX} of the space X. 
Let B= {V,,- - +, Vm} denote the first special refinement of U constructed 
in §7 and let K denote the corresponding open normal subgroup of G. 

Consider the continuous n-function Icn¢: X"**-—> R. Since K is an open 
normal subgroup of G, it follows from (5.4) that Jx¢ is invariant. By (6.3) 
we have 


(8. 3) Ind =8(Qxd) + Ox (8$). 


According to (6.1), Qx@ is an invariant continuous (mn — 1)-function on X. 
We assert that Qx(8¢) is of empty support. In fact, let 2 be an arbitrary 
point of A. Choose an open set V; of the covering 8 which contains z. By 
(7.1) and the definition of U, we have (2090, = 0 for 
all a,e V; and all ge K, i—0,1,---,n-+1. Hence it follows from (6. 2) 
that Qx(5¢) is of empty support. Since Qx¢ is invariant and Q«(8¢) is of 
empty support, (8.3) implies that [Jc] is an invariant n-cocycle of K and 
represents the same element z of H;"(X) that [¢] does. Further, it follows 
from (5.1) and the proof of (5.5) that 


(Xo, ig Sani) — (2o, Tns1) =0 


if the n-+ 2 points 2, %,° * *,2ns, are contained in some open set Vj; of the 
covering 

Now let denote respectively 
the second and the third special refinements of U1 constructed in §7. Call 
p(Ni), (t=1,:--,8). Then the collection 2 = {Z,,---,L,.} is an 
open covering of B. Let D denote the diagonal of the product space B"* 
and define an open neighborhood LZ of D in B™** by means of the condition 


that a point (bo, - -,b,) is in DZ if and only if there is some Lj containing 
the n+ 1 points Do,: -, Dn. 
We shall define a function f: as follows. Let (bo,: -,6n) be an 


arbitrary point of Z. According to the definition of L, there is some open 
set L; of the covering 2 which contains the n+ 1 points - +, bn. Since 
L; = p(N;), there are n+ 1 points in Nj; such that = p(a;) 
for each i=0,:--,n. We define f(bo,- - -, On) To 
justify this definition, one can prove by means of the method used above that 
the value f(bo,- - -,6n) depends neither on the choice of L; nor on the choice 
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of 2,° * *,2n from N;. One can also show that the function f: L — & thus 
defined is continuous. 

Choose an open neighborhood L, of the diagonal D in B*** such that 
the closure Cl(L,) is contained in ZL. According to Tietze’s extension 
theorem, there exists a continuous function y: B™** — R such that (bo, «++ , Dn) 
= f(bo,: -,6n) whenever (bo,- is in Cl(Ly). yw is by definition a 
continuous n-function of B. 

We are going to prove that the support of dy is empty. Let b be any 
given point of B. Since L, is an open neighborhood of the diagonal D in 
B"*!, there is an open neighborhood W of 6b in B such that W is contained 
in some open set L; of the covering 2 = {L,,- --,LZ,.} and such that W™** 
is contained in Ly. Let bo,- + +,bnis be any n+ 2 points in W. Since 
WCL;= p(N;), we may choose n+ 2 points +, in Nj; such that 
b; = p(%) for each i—=J,---,n-+1. Then we have 


n+1 


i= 


= 8[e¢(%,° * *+%nsi). By our construction of the third special refinement 
MN —= {N,,---,N,} in § 7%, N; is contained in some open set of the covering 
B= {V;,---,Vm}. This implies that +, =0. Hence dy 


is of empty support and, therefore, [y] is a continuous n-cocycle of B. 

The continuous n-cocyle [y] represents an element w of the n-th con- 
tinuous cohomology group H"(B). We are going to prove that p*;(w) =z. 
p*;(w) is represented by the invariant continuous n-cocycle [p*y] of X 
while z is represented by [IJx¢]. Hence it suffices to show that p*y —Ird 
is of empty support. Let 2 be any given point of XY and call b—p(z). 
Since LZ, is an open neighborhood of the diagonal D in B"**, there is an open 
neighborhood W of b in B such that W"** is contained in L,. Choose an 
open neighborhood Z of x in X such that Z is contained in some open set N; 
of the covering {N,,- - -, Ns} and such that p(Z) is contained in W. 
Let 2,° * -,%, be any given n-+ 1 points in Z and call 6b; = p(a%) for each 
t1=0,---,n. Then we have 


En) = (do, bn) = f(do, bn) = Ix¢(Zo,° j 


This proves that the point x is not in the support of p#y —Ix@. Since z is 
arbitrary, the support of p*/—Ird must be empty. Hence p*;(w) =z and 
p*, maps H"(B) onto Hy"(X). The proof of the fundamental lemma (3. 2) 


is complete. 
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9. Applications. Throughout the present section, let Y be a locally 
compact metrizable topological group. Assume that n = 1 is a given integer 
and that VC W are two open neighborhoods of the neutral element e in Y 
such that the homomorphism H,(V) H»(W) of the n-th Cech homology 
groups H,(V) and H,(W) (defined by means of finite open coverings and 
real coefficients) induced by the inclusion map 7: VC W is trivial, that is to 
say, J, maps every element of H,(V) into the zero element of H,(W). 
Choose a compact neighborhood K of e in Y such that KK CV. 

Let G be a zero-dimensional compact subgroup of Y contained in K. 
Denote by I = Y/G the homogeneous space of the left cosets of G in Y and 
é: Y + M the natural map of Y onto M. According to an assertion of J. P. 
Serre [6], Y is a principal fiber space over M with structural group G. 

Call B=é(K), X =&*(B), p=é|X. Then X is a compact metrizable 
principal fiber space over B with projection p: X — B and structural group 
G which is zero-dimensional. According to Theorem I in the introduction, 
the induced homomorphism p*:H"(B)—>H"(X) of the Cech homology 
groups with real coefficients is an isomorphism into. It follows from the 
duality theorem between homology and cohomology with coefficients in a field 
[4] that the induced homomorphism p,,: H,(X)— Hn(B) of the Cech 
homology groups with real coefficients is onto. 

Now let D=£€(W). Then D is an open neighborhood of €(e) in M. 
Obviously, X= KGCVCW and BCD. Call q=€|W and consider the 
following diagram of continuous maps 


| 
k 

B >D 


where 7, j, & are inclusion maps. This diagram gives rise to a corresponding 
diagram of the induced homomorphisms of the Cech homology groups with 


real coefficients: 
H,(X) —*— H,(V) —4— H,(W) 
Px Vx 


H,(B) H,(D) 


Clearly we have kp—qji. Hence it follows that kip, —qsjzty. Since py 
is onto and }, is trivial, this implies that k, is also trivial. We have proved 


the following theorem. 


78 SZU-TSEN HU. 


(9.1) THEorEM. The homomorphism k,:H,(B) H,(D) induced 
by the inclusion map k: BCD 1s trivial, that is to say, k, maps every element 
of H,(B) into the zero element of Hy(D). 

In terms of cycles, (9.1) states that every Cech n-cycle with real 
coefficients in B is homologous to zero in D. 

To clarify the significance of (9.1), we shall introduce a new notion as 
follows. Let D be a given open neighborhood of a point m in a topological 
space M. M is said to be semi-locally n-connected at m relative to D with 
respect to real coefficients if there is a closed neighborhood B of m such that 
every Cech n-cycle with real coefficients in B is homologous to zero in D. 

Assume Y to be a locally compact and locally shrinkable metrizable 
topological group. Let W be a given neighborhood of the neutral element 
ein Y. Since Y is locally compact and locally shrinkable, there is an open 
neighborhood V of e in Y such that the closure Cl(V) is compact and 
shrinkable in W to a point. Choose a compact neighborhood K of e in Y 
such that KK CV. Then, for every integer n21, the homomorphism 
jx: H,(V) > H,(W) induced by the inclusion map j:V CW is trivial. 
Hence (9.1) gives the following theorem. 


(9.2) THerorEM. If G is a compact zero-dimensional subgroup of Y 
contained in K, then the homogeneous space M =Y/G with the natural map 
€: Y M is semi-logically n-connected at E(e) relative to €(W) with respect 
to real coefficients for every n= 1. 
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LINEARLY COMPACT MODULES AND RINGS.* 


By DANIEL ZELINSKY. 


In [10, Theorem 7] some device besides countability was needed that 
would guarantee that an inverse limit was not zero unless the individual terms 
were zero. As noted there (added in proof), Dieudonné suggested that in the 
case of vector spaces the issue can be settled by linear compactness. This led 
me to generalize to topological modules over general rings this concept of 
linear compactness introduced by Lefschetz [9] and exploited recently by 
Dieudonné ([3] and [4]). The generalization is made in the obvious way 
(section 1) and is quite general, though the modules that actually come up 
in this paper are only rings considered as modules over themselves, and sub- 
modules of these. We might also note that all rings considered are topological 
rings with ideal neighborhoods of zero (e. g., rings with the discrete topology). 
Linear compactness in general seems to work best in the presence of submodule 
neighborhoods of zero. 

Section 1 is occupied with the statements (and proofs in the nontrivial 
cases) of analogs of theorems about compact spaces that remain valid for 
linearly compact modules. Section 2 applies these results to eliminate the 
undesirable countability hypotheses from the theorem of [10] referred to above, 
and to weaken the other hypotheses of that theorem as well. The final result 
(Theorem 1) seems to be the natural generalization of Kaplansky’s decom- 
position theorem for compact semisimple rings [7, Theorem 1], essentially 
a proof that Kaplansky’s compactness hypothesis can be replaced by linear 
compactness without paying any price other than allowing the direct summands 
in the decomposition to be rings with minimum condition instead of finite 
rings. 

Section 3 shows that linear compactness is fruitful even in the other kind 
of decomposition theorem considered in [10, Theorem 5]. Commutative rings 
also decompose in the presence of linear compactness into primary summands 
and a radical ring. This theorem (Theorem 2) is again a natural generaliza- 
tion of the results of Kaplansky [7, Theorem 17] and van Dantzig [2, TR 39], 
both of these last results being concerned with rings that are linearly compact 
and satisfy stronger hypotheses as well. 

The primary rings which occur as summands in Theorem 2 are inverse 
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limits of discrete, linearly compact primary rings with units. These latter 
might be considered the building blocks for linearly compact commutative 
rines with units, but exactly what kinds of rings they can be is not yet clear. 
This class of rings is discussed to a certain extent in Section 4, where we 
remark that the class contains all fields, all maximal valuation rings, and 
all complete local rings. This class may be of further interest in view of 
results of Kaplansky+ which extend Lefschetz’s duality theory of linearly 
compact vector spaces to an analogous duality theory of linearly compact 
modules over a complete discrete valuation ring (note that by our remark 
above, the rings of ec-fficients in both Lefschetz’s and Kaplansky’s cases are 
linearly compact in the discrete topolgy). 


1. Definition and fundamental properties. This paper is concerned 
with topological R-modules (modules M over the topological ring R [1, pp. 
1ff.] which are topological groups and in which the module product 
(r,m)—>rm is a continuous function from FR XM into M). We shall 
consider only left R-modules, though of course all results apply equally well 
to right-modules. We shall often be interested in the case where R or M or 
both carry the discrete topology, in which case all topological assumptions 
may be omitted. We shall use the phrase linear variety in M to mean a coset 
of a submodule of @. Now we may state the basic definition: 


Definition. A topological R-module M is linearly compact in case every 
collection of closed linear varieties in M with the finite intersection property 
has a nonvoid intersection. A topological ring R is linearly compact in case 
it is a linearly compact (left) R-module. 


An elementary remark that we shall use repeatedly is this: If M is an 
R-module and A is a closed ideal in R with AM =0, then M is linearly 
compact as an R-module if and only if it is linearly compact as an R/A- 
module (the closed F-linear varieties coincide with the closed R/A-linear 
varieties). In particular if a topological factor ring of a ring RF is a linearly 
compact R-module, it is a linearly compact ring. 

Many of the standard theorems on compact spaces and linearly compact 
vector spaces can be generalized to the case of linearly compact modules. The 
following propositions are such generalizations; we state them without proof 
whenever the proof is obvious or effectively identical with that given in the 


reference cited. 
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PROPOSITION 1. A cartesian product (complete direct sum) of linearly 
compact R-modules is a linearly compact R-module. [9, (II, 27.2) and 
(I, 24.1)] 


Proposition 2. Jf M is a linearly compact R-module and f ts a con- 
tinuous (module-) homomorphism of M into another topological R-module, 
then f(M) ts linearly compact. [9, (II, 27. 4)] 


Remark. The mapping f: M—f(JZ) is not necessarily open unless F is 
restricted somehow (e. g., to be a field, or a complete discrete valuation ring 


with the valuation topology; cf. Section 4). 


Proposition 3. If M is a linearly compact R-module and N a closed 
submodule of M, then N is linearly compact. [Obvious] 


The next proposition concerns an inverse system of R-modules, which is 
defined in the natural way: a collection {M,} of topological R-modules 
indexed by a directed system {a}, together with continuous module-homo- 
morphisms 793: Mg for every pair of indices with a >. These x’s 
are also assumed to satisfy wagrpy oy for all a >B>y. The inverse 
limit is defined as the following topological submodule of the cartesian product 
of the M’s: {x = {xq} | for all > B}. The natural projections 
wp of the limit into the Mg are defined by 7g({ra}) = 7g. 


Proposition 4. An inverse limit of linearly compact R-modules is 
linearly compact. Each natural projection mq is onto if all the homomorphisms 
rag are onto. [9, (II, 27.6) and (I, 38, 39) ] 


Proposition 5. If M is a topological R-module with minimum condition 


on closed submodules, then M 1s linearly compact. 


Proof. Let {qa} be a collection of closed linear varieties with the finite 
intersection property, and let {Va} be the corresponding submodules of which 
the F,’s are cosets. A finite intersection {] Fa, is a coset of [) Vg, Let V 


be a submodule minimal among these finite intersections of the Vq’s—say 
V =f) Va,—and let F=() Fo, Then for every Fa, Fa F is a coset of 
Val V; the latter equals V because V is minimal; hence /,/ F is a coset 
of V contained in the coset /; thus Fg F=—F, every Fa contains F, 


and {) F, is nonvoid. 
a 


As a corollary of Proposition 5 we may assert that any module (over a 
discrete ring) with minimum condition on submodules is linearly compact 
in the discrete topology. This is an analog of the theorem [9, (II, 27.7) ] 


6 


i i 
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that a finite dimensional linear space is linearly compact in the discrete 
topology. (Also, the discrete topology is the only topology a finite dimensional 
linear space can carry if it has subspace neighborhoods of zero; the analogous 
remark is also true for modules with minimum condition.) However the 
converse (every linearly compact, discrete vector space is finite dimensional) 
does not generalize in any obvious way (cf. Theorems 3 and 4). 

The best approximate converse we can get at present—which will suffice 
for our purposes—is a result expressed in terms of independent submodules. 
We shall call a collection of submodules independent in the module M in case 
every finite subcollection M,} satisfies +1 M; =M (i=1,---,n). 


This condition is equivalent to each of the following statements [1, § 1, no. 7]: 
(a) The mapping (4+ M,,:--,2-+M,) induces an isomorphism of 


M/f) M; onto the direct sum & (M/M;). (8) For every n elements 2,,°--, Xp 
i i=1 
in M, ()\(#: + M;) is not void. 
i 


Proposition 6. Let M be a linearly compact R-module with the discrete 
topology. Then every independent collection of submodules in M is finite. 


Proof. Let {Ma} be an independent collection of submodules, and {za} 
any elements of M. By the independence condition (8), the linear varieties 
oa + M, have the finite intersection property. Since M is linearly compact, 
there is an element in + Mg). 

a 


Next define Mj) = {re M|aeM, for all but a finite number of 
M, is a submodule of M. Then for each « choose ra 7 Mg and consider all 
the linear varieties 72+ M, and M,. These have the finite intersection 
property because as just remarked we can find an element x which is simul- 
taneously in z.-+ M, for a finite number of @’s and in 0+ M, for the 
remaining @’s (thus re M,). Once again by linear compactness, there is an 
element x) in M, and in all ra + Mg. Since taf Mag the coset ta + Ma does 
not meet Ma, and so a» ¢ Mg for every x. But 2 is in all but a finite number 
of M,’s since z,»¢ My. Hence there is only a finite number of M,’s. 

The following three results can be proved only when the topological 
module has an open base at zero consisting of submodules. 


Proposition 7. Let M be a iopological R-module with submodule 
neighborhoods of zero. Then every linearly compact submodule of M is 
closed. [9, (II, 27. 5)] 


| 
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Proposition 8. A linearly compact R-module with submodule neighbor- 
hoods of zero is complete. [8, p. 14] 


Proposition 9. If M is a topological R-module with submodule neighbor- 
hoods of zero, N a closed submodule, and if N and M/N are linearly compact, 
then M is linearly compact (cf. [9, (II, 5.5)]). 


Proof. Let h be the natural homomorphism of M onto M/N and {F} 
a collection of closed linear varieties in M with the finite intersection property. 
Without loss of generality we may assume the collection is closed under finite 
intersections. Then {h(Fa)} is a collection of closed linear varieties in M/N 
with the finite intersection property. Thus there is some h(x) in M/N such 
that each h(/’,) meets every neighborhood of h(x). That is, for every sub- 
module neighborhood V of zero in M, [h(x) +h(V)]Nh(Fa) is nonvoid ; 
taking inverse images in M, [(7 + V+N)]N(F.+N) is nonvoid ; that is, 
Fa—x-+V meets N. 

We now show Fa—z meets N for each aw If Faq is a coset of the sub- 
module V,_ then Fg, —a2- V is a coset of the open (hence closed) submodule 
Vat V. Hence N(V) = (Fa—2+V)NN is a nonvoid, closed linear 
variety in N. For fixed a and variable V, these N(V) have the finite inter- 
section property: DN(ViN:+:N Vn), which is 
not empty. Hence M1 (V)V is not empty. But 


ON(V) 


because the intersection of all neighborhoods ’g—z2--V of Fa—z is the 
closure of F,—z (true in any topological group) and f’,—za, like Fo, is 
closed. Hence meets N. 

Now consider the sets (Fyg—2x) MN, which are nonvoid closed linear 
varieties in VN. Since the collection {/a} is closed under finite intersection, 
the collection {(/,—2) M N} is also, and hence has the finite intersection 
property. Since N is linearly compact, there is an element y of N in every 
F,—zx. Then x+y is in every Fg, proving the proposition. 


2. Linearly compact semisimple rings. In this section and the next, 
we intend to study a topological ring R with ideal neighborhoods of zero, 
considered as a left R-module, and investigate the consequences of the linear 
compactness of this module. Since properties of rings with ideal neighbor- 
hoods of zero are determined by the discrete homomorphs of the ring, we 


study the case of discrete rings first. 
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Proposition 10. Jf R is a primitive ring which is linearly compact tn 
the discrete topology, then R is a simple ring with minimum condition: the 
ring of all linear transformations on a finite dimensional vector space over a 
division ring. 


Proof. By [5, Theorem 23] R is a dense ring of linear transformations 
on a vector space V over a division ring D. It suffices to show that V is finite 
dimensional. Consider any linearly independent set W in V, and for each 
elements w in W consider its annihilator in R: {ce R|a«(w) =0}. We shall 
show that these annihilators are independent submodules of R. In fact, let 
ze, let wi, + -,Wn be a finite subset of W and let M,,---,M, be the 
corresponding annihilators. If z is any element of R, then by the density 
of R we can find an z such that x(w;) =0 and x(w;j) =2(w;) for 7 A. 
Then re M;,, z—xeM; for 741i, (2--2) eM; + which 


proves the independence of the M’s. But by Proposition 6, there can be at 
most a finite number of independent submodules, and so the elements of W 
can have at most a finite number of different annihilators. Due to the density 
of R, distinct elements of V have distinct annihilators; hence W is finite and 
V is finite-dimensional. 

Before attacking the discrete, semisimple case, we shall prove two elemen- 
tary lemmas that are applicable to all rings, even non-associative ones. 


Lemma 1. Let R=} A; be the direct sum of a finite number of rings 
A;, each of which is equal to its square: A?—A;. Let Af => A; Then 


the only ideal in R relatively prime to all the Aj is R itself. 


Proof. Let A be such an ideal. Since A + A; —R, the natural pro- 
jection of R onto the i-th component A; carries A onto all of A;. Hence 
AA, = A? = Aj; A,=AA,CA for all 1; RCA. 


LemMA 2. Let R bearing, B,,: --,B, a@ finite set of distinct maximal 
ideals in R, with each R/B; not a zero ring. Then the ideals B,,- - -, Bn are 
independent (both one- and two-sided) R-modules and R/(B,N-:- +N Bn) 
= R/B, (ring direct sum, natural tsomorphism). 


Proof. For n=1, the lemma is trivial. Suppose the lemma is estab- 
lished for n = k and let B,,- - -, By,, be maximal ideals with (R/B;)? 40; 
then (R/B;)* = R/B; By symmetry, to prove independence of the B’s it 


k 
suffices to show that B; Consider the ring 
i 5 


¢=2 


R = By); 
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it satisfies the conditions of Lemma 1 with A;—R/B,; and with Ai’ =the 
image of B; in R. Let A be the image of B,,, in R. Since By, + B= RP, 
we have A + A; = R# fori—1,---,k, andsoA=—R by Lemmal. Taking 


k 
the inverse image of A in R, we get Bys+f) Bs=R, as desired. Then 


By.) is a homomorphism of R onto R/B,@-: - 
® with kernel AM Busi, completing the proof of the lemma. 


Proposition 11. If Ris a semisimple ring which is linearly compact in 
the discrete topology, then R is a semisimple ring with minimum condition: 
a finite direct sum of matrix rings over division rings. 


Proof. By [5, Theorem 25] there is a set {Bg} of ideals in R with zero 
intersection and with R/Ba primitive. Of course, each F/B, is still a discrete 
and linearly compact R-module by Proposition 2, hence also a linearly compact 
ring. Thus each R/Bg satisfies the hypotheses of Proposition 10 so that each 
Bg is a maximal ideal with R/B, not a zero ring. By Lemma 2, the B’s are 
independent submodules of R, and so are finite in number (Proposition 6). 
The second part of Lemma 2 then shows that R is isomorphic to the 
direct sum of the (finite number of) classical simple rings R/By, proving 
Proposition 11. 

The apparatus of [10] is now available for proving a decomposition 
theorem for linearly compact semisimple rings with ideal neighborhoods of 
zero. Only one more property of rings with minimum condition must be 
extended to linearly compact rings. This we proceed to do: 


Proposition 12. Let R be a linearly compact, discrete ring with radical 
N, and f a homomorphism of R into another ring. Then the radical of f(R) 
is exactly f(N). 


Proof. f(R)/f(N) is a homomorph of R/N, which is a semisimple ring 
with minimum condition by Proposition 11. Hence f(£)/f(N) is also semi- 
simple (and satisfies a minimum condition). Therefore f(N) contains the 
radical of f(#). The opposite inclusion is true in general: the radical of 
always contains f(N). 


THEOREM 1. Let R be a semisimple linearly compact ring with ideal 
neighborhoods of zero. Then R is algebraically and topologically 1somorphic 
to a complete direct sum of discrete simple rings with minimum condition 
(i.¢., of matrix rings over division rings). 


Proof. Let {Va} be the ideal neighborhoods of zero in R and Rg = R/V, 


= 
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the discrete homomorphs. The #, naturally form a “minimal” inverse 
system (each zg is onto, in the notation of Section 1), and, since R is complete 
(Proposition 8), the inverse limit of this inverse system is R [10, Theorem 3]. 
Moreover, if Na is the radical of Ry, then the Nq’s also form an inverse 
system which is “onto” (each zag is onto, in the notation of Section 1) 
because of Proposition 12. The inverse limit of this system of N4a’s is equal 
to the radical of R [10, Lemma 5; note a misprint in the statement of this 
lemma: for “W is minimal” read “Q is minimal”]. Of course, each Na 
is a linearly compact R-module, so by Proposition 4 the natural projection 
of the limit into each Ng is onto. But the radical of R is zero; hence every 
one of its projections is zero; every Ng is zero; each Rg is a linearly compact 
discrete, semisimple ring which must be semisimple with minimum condition. 
Then the R,’s decompose concordantly and the proof is completed exactly as 
in the proof of [10, Theorem 7]. 

Theorem 1 not only eliminates the countability hypothesis of [10, 
Theorem 7%] but formally generalizes that theorem since for topological 
rings with ideal neighborhoods of zero, completeness together with a minimum 
condition modulo open ideals imply linear compactness (Proposition 5, [10, 
Theorem 3], and Proposition 4). Of course as a corollary of Theorem 1 we 
have the interesting result that completeness plus this restricted minimum 
condition is actually equivalent to linear compactness in the presence of 


semisimplicity. 


3. Linearly compact commutative rings. Once again we intend to 
imitate the proof of the decomposition theorem [10, Theorem 5]. <A glance 
through this proof shows that the only property of rings with minimum con- 
dition used is: every decomposition is finite; and orthogonal idempotents 
modulo the radical can be raised to orthogonal idempotents in the ring. We 
proceed to establish this latter result for linearly compact discrete rings. 


Proposition 13. Let R be a commutative ring linearly compact in the 
discrete topology, and let N be its radical. If é is an idempotent in R/N, 
there is an idempoetnt e in R whose residue class modulo N is é@. 


Proof. Consider the class of all pairs (f, A) with fe R, the residue class 
of f modulo N equal to @, A an ideal of R contained in N, and f?—feA. 
Partially order the class by defining (f,A) > (f’, A’) in case AC A’ and 
f=f’ (mod A’). Every chain has an upper bound because of the linear 


* We obtain an interesting by-product: The radical of a linearly compact ring with 
ideal neighborhoods of zero is closed. 
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compactness of R as an R-module. Hence there is a maximal pair (e, B). 
We shall show e? ~e. 

For the sake of clarity, we complete the proof assuming that R has an 
identity element; if this is not the case, standard methods of replacing 
inverses by quasi-inverses will carry the proof through. Since (1— 2e)? 
=1-+ 4(e?—e) and e? —e is in the radical, (1 — 2e)? has an inverse; thus 
1—2e also has an inverse. Let y= (e?—e)(1—2e)*. Then yeB. 
Compute (e+ y)?— (e+ y) =e? —e+ If we let 
f=—e-+y and A be the ideal generated by y?, we have (f,A) > (eB). 
By the maximality of (e,B), we have A = B, so that ye A, y= ny? + ry? 
with re and nan integer. Thus y(1— ny—ry) = 0; but ny—rye BCN, 
so 1— ny — ry has an inverse, and y=0. Recalling that (e + y)?— (e+ y) 
= we have =e, as desired. 

We are now in a position to take over the proof used in [10, Section 4] 
for commutative rings. First, let R be a commutative ring which is linearly 
compact in the discrete topology and let N be its radical. Then R/N is a 
direct sum of a finite number of fields (Proposition 11) whose identity 
elements are orthogonal idempotents @,,---,é@,. By Proposition 138, these 
idempotents may be raised to idempotents ¢,,- - -, én of R. Note that these e; 
are uniquely determined [10, Lemma 2] and that they are orthogonal (ee; 
is idempotent and in the radical, hence is zero). FR is decomposable into the 
direct sum of the Re; (t.—=1,---,n) and S, the intersection of the anni- 
hilators of the e;. Each Re; is a primary ring with unit, and S is in the 
radical of R. Moreover, due to the uniqueness of the e¢;, this decomposition 


is unique. This proves 


Proposition 14. If R is a commutative ring which is linearly compact 
in the discrete topology then R is uniquely decomposable as a direct sum of a 
radical ring and a finite number of primary rings with units. 


Exactly as in [10, Section 4], we may now take an arbitrary linearly 
compact, commutative ring R with ideal neighborhoods of zero, and show that, 
since the discrete homomorphs of R decompose uniquely (Proposition 14) 
these homomorphs decompose concordantly, and therefore that ? itself 


decomposes : 


THEOREM 2. Let R be a linearly compact, commutative ring with ideal 
neighborhoods of zero. Then R 1s algebraically and topologically isomorphic 
to a complete direct sum of a radical ring and primary rings with units, all 


the summands being linearly compact. 
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The converse of Theorem 2 is also true by Proposition 1 and the remark 


following the definition of linear compactness. 


4, Further results and examples. [From the definition of linear com- 
pactness alone we can verify the following remarks without difficulty : 


1. If M is an R-module linearly compact in one topology, then M is 


linearly compact in every coarser topology. 


Ws 


same submodules are closed in A as in B, then M ts linearly compact in 
topology A tf and only if tt ts linearly compact in topology B. 


2. If M is a topological module in two topologies A and B, and if the 


3. A commutative ring R is linearly compact in the discrete topology if 
and only if it is linearly compact in the R-topology (where neighborhoods of 
zero are the finite intersections of nonzero ideals; cf. [11]); for all ideals 


are closed in both topologies. 


Remark 3 together with [11, Theorem 1] proves Theorem 3 below; how- 
ever, we shall give a direct proof, which, together with Proposition 9 will 


constitute an alternative proof of [11, Theorem 1]. 


‘THEOREM 3. Let R be a complete local ring. Then R is linearly compact 
in the discrete topology, and hence in every topology in which R is a topological 
ring. 

Proof. Let R be a complete local ring, M its unique maximal ideal, 
F = R/M its residue class field. Each of the discrete R-modules R/M, 
M/M?,- - -,M‘/M***,- - - satisfies the ascending chain condition on R-sub- 
modules; since these are all actually (unitary) /-modules, they satisfy the 
ascending chain condition on F-submodules, which proves that they also 
satisfy the descending chain condition. Thus each of these factor modules 
is linearly compact, and repeated use of Proposition 9 shows that R/M?# is 
linearly compact for all 1. But &, being complete in its local topology, is the 
inverse limit of these R-modules R/M‘. Thus PF is linearly compact in the 


local topology by Proposition 4. 


Furthermore, every submodule A of # is closed in the local topology ; 
for by [8, Theorem 2] A is the intersection of the neighborhoods A + M# 
of A. Remark 2 above then guarantees that F is also linearly compact in the 


discrete topology. 
Theorem 3 shows that the converse of Proposition 5 is false: A complete 


( 
I 


LINEARLY COMPACT MODULES AND RINGS. 89 


local ring is linearly compact in the discrete topology but does not satisfy 
the minimum condition in general. It also provides a counterexample to the 
conjecture that every continuous homomorphism of a linearly compact module 
is open: take the identity mapping of a complete local ring R with the discrete 
topology onto R with the local topology, both range and domain being con- 
sidered as modules over the discrete ring R. 

These considerations lead to the question: Which commutative rings with 
units are linearly compact in the discrete topology? By Proposition 14 we 
may as well restrict ourselves to primary rings. Among such rings are all 
fields, all complete local rings. I do not know what the full answer is, but 
we may add one more theorem: ® . 


THEOREM 4. A (generalized) valuation ring is linearly compact in the 
discrete topology if and only tf it is maximal (and tf and only if it is linearly 


compact in its valuation topology, by Remark 2). 


By a maximal valuation ring we mean a (generalized) valuation ring 
whose quotient field cannot be extended without changing either the value 
group or the residue class field. By [6, Theorem 4] a valuation ring is 
maximal if and only if every pseudoconvergent sequence in the quotient field 
has a limit in the quotient field (for definitions see [6]). It is easily seen 
that this is equivalent to the assertion that every pseudoconvergent sequence 
in the ring has a limit in the ring. Therefore it suffices for us to prove that 
a valuation ring F# is linearly compact if and only if every pseudoconvergent 


sequence in F has a limit in R. 


Proof. If: In a valuation ring, the ideals (suh-wodules) are linearly 
ordered by inclusion. Hence a collection of cosets of ideals (linear varieties) 
has the finite intersection property if and only if it is also linearly ordered 
by inclusion. Given such a collection we may extract a well-ordered cofinal 
subcollection. To show the original collection has a nonvoid intersection it 
suffices to show this well-ordered subcollection has a nonvoid intersection. 


Thus we may begin with a collection {fp}, indexed by a segment of the 
ordinal numbers, and monotone: > p implies C Fp and Fo Let 
Ap be the ideal of which Fp is a coset. Choose dp in Fp but not in 
Fou. Then for ¢>p we have apf Po Ac, Ap Ao, and also 
Fp + Ap, —ace Fp. Hence for >a>p, Ao and 
ao—a,eAc, and so < V(a;—ac) (V is the valuation func- 


’ Professor Kaplansky obtained this result some time ago but did not publish it. 
I presume his proof was effectively the same as the one given here. 
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tion), so that the ap form a pseudoconvergent sequence. This sequence has 
a limit a in R such that V(a— dp) = V(dp—dpi1). Then a— ap is con- 
tained in the ideal generated by ap —dp,:, which is contained in Ap. Thus 


dp + for every p, as desired. 

Only if: Let {ap} be a pseudoconvergent sequence in R and define 
= V (ap —api1), Ap = {4 | V(x) Zvyp}, Fp—=ap+Ap. Then the Fp 
form a monotone sequence of linear varieties because Ap © Ap, and 
dp =dps1 (mod Ap). Thus the Fp have a point a in common. Then 
V(a— ap) = yp for every p. If V(a—dp > yp, then 


S =min[V(a—ap), V(ap —apu)] =p, 


which is impossible. Therefore V(a— dp) = yp and a is a limit of the pseudo- 
convergent seqeunce {dp}. 
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SPECIAL TYPES OF LINEAR MAPPINGS OF ALGEBRAS.* 


By J. K. GOLDHABER. 


1. Introduction. Ancochea [2] and Kaplansky [7] considered the 
problem of semi-automorphisms of simple and semi-simple algebras. They 
showed (Ancochea for simple algebras over a field of characteristic different 
from two, Kaplansky for direct sums of simple algebras over arbitrary fields, 
and Hua [5] for aribtrary sfields) that every semi-automorphism is either 
an automorphism of an anti-automorphism of each simple component of the 
algebra. A semi-automorphism (or Jordan automorphism) of an algebra 
may be defined, in the case that the characteristic of the ground field is 
different from two, as an additive automorphism, y, such that for all Ae Y, 
y(A?) =[y¥(A)]*, or what is the same thing, that for all A, Be, 
y(AB + BA) —y(A)y(B) + y(B)y(A). 

The problem of this paper may be characterized as follows: to what 
extent may the conditions on y be relaxed and still have the result of the 
above theorem hold true? We assume throughout that the ground field % 
has characteristic different from two. 

In Section 2 we show that if % is a total matric algebra then we need 
only assume y(A’) = [y(A)]? for idempotents and nilpotents of index two. 
This result, however, does not extend to simple algebras. 

In Section 3 we prove the following theorem: Let % be a central simple 
algebra and let wy be a linear mapping of % into % such that (i) y(J) =J 
where J is the identity of %, and (ii) if f(z) is the characteristic function 
of Ae WM then f[y(A)] —0, then y is either an automorphism or an anti- 
automorphism of %. In the proof of this theorem we assume that % has 
at least as many elements as the degree of YF. 

The theorem of Section 3 does not hold for semi-simple algebras. How- 
ever, it is shown in Section 4 that if it is further assumed that the mapping y 
is one to one then the theorem can be extended to semi-simple separable 
algebras. 

I am indebted to the referee for greatiy simplifying the proof of 
Theorem 1. 


* Received April 16, 1952; revised July 1, 1952. 
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2. Linear mappings of total matric algebras which preserve idem- 
potent and nilpotent elements. We shall consider a mapping of a total matric 
algebra Yt into Yt which satisfies the following conditions: 


(1) y is linear. 
Cy: (2) If MeM and M?—M then [y(M)]?—y(). 
(3) If MeM and M?—0 then [y(M)]?—0. 


THEOREM 1. Let Mt be a total matric algebra over a field of characteristic 
different from two. Let y be a mapping of M onto X=M which satisfies 
conditions C+. Then either X =M and wy ts either an automorphism or an 
anti-automorphism of Mt or X =0 and x ts the zero mapping. 


Jacobson and Rickart [6] have shown that every Jordan homomorphism 
of a Jordan simple algebra is either 0 or a Jordan automorphism. Further- 
more, every Jordan automorphism of a simple algebra is either an auto- 
morphism or an anti-automorphism [2], [7]. Since a total matire algebra 
is Jordan simple, Theorem 1 will follow if it is shown that y is a Jordan 
homomorphism. 

Since 9? is a total matric algebra there exists a basis for Yt of the form 
Ey; where EijE um = 8j,Him. Because of the linearity of y it will be sufficient 
to show that + (Ly) + 

From the fact that y satisfies conditions Ct and from the following 


relations 
(i) By? = By 
(ii) Fy? =0 
(iii) (Hij + Lem)? = 0 tAj,jAk,kAm,mAt 
(iv) (Bi + By)? = (Ba + Ey) 
(v) (Bi + Ly)? = (Ba + 
(vi) (Bj; + By)? = (Ly + Eis) tA 
(vii) (Li — By + By — =0 
(viii) (Bi + Bye + By)? + + tj, jAkkAt 
(ix) (Bi + Ba + Bij — Bij + = (Bi + + Bay — By + Ey) 


one can obtain by simple and direct computations successively 


(1) = (Ea) 
(2) = 0 


Se 
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(3) + (Bim ij) = 0 = + iy) 


(4) + = 0 = + 
(5) + = = + Bu) 


(7) + (By) = + = + 

(8) + Ba) = 0 = Y + tp, 
(9) Bus) + = = VW + 1A]. 


Equations (1) through (9) may now be used to verify readily that for 
Hence y is a Jordan homomorphism and Theorem 1 is established. 

Theorem 1 is not true if the characteristic of the ground field is two. 
In fact, consider the total matric algebra of order four over GF'(2) and let 
= + Bee), aye GF(2), 1,7 =1,2. is a non-zero 
mapping which satisfies conditions Ct but is neither an automorphism nor 
an anti-automorphism of the total matric algebra considered. 

We also note that Theorem 1 does not extend to simple algebras. For 
consider the quaternions over the rational field. Any linear mapping which 
maps zero into zero and the identity into the idencity will automatically 
satisfy conditions Cf. The difficulty lies in the fact that although y» may 
satisfy conditions Cf as a mapping of %g into Ms it will not in general 
satisfy conditions Cf as a mapping of 2% into %q@ where & is an extension 
field of 


3. Characteristic function preserving linear mappings of central 
simple algebras. Throughout this and the following section the ground field 
75 shall be assumed to have a characteristic different from two and, if the 
algebra is simple, to contain at least as many distinct elements as the 
principal degree of the algebra. If the algebra considered is semi-simple 
then % shall be assumed to contain at least as many distinct elements as the 
maximum of the principal degrees of the simple components of the algebra. 
We shall be concerned with a mapping y of an algebra M over % into 
which satisfies the following conditions: 


(1) wy is linear. 
Oy’: (2) wW(I) =I where J is the identity of 2%. 
(3) If f(A) is the characteristic function of A e & then f[y(A)] —0. 


‘ 
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Note that if y is a Jordan homomorphism then y(A") = [y(A) ]* for 
all n. Hence every identity preserving Jordan homomorphism satisfies con- 
ditions Cy’. 


THEOREM 2. Let WM be a central simple algebra over & and let y be a 
mapping of X into M which satisfies Ct’. Then y is either an automorphism 
or an anti-automorphism of XY. 


We prove first two lemmas. 


Lemma 1. Let & and y be as in Theorem 2. Then (i) pts a one to one 
mapping of X% onto MU and (ii) w preserves characteristic functions, 1. e. for 
AeXY, A and y(A) have the same characteristic function. 


By C7’; the minimum function of y(A) divides the characteristic func- 
tion, f(A), of A. Now suppose that for some NeW, N~0, y(N) =0. 
Since & is simple there exists a nilpotent N’ eM such that N + N’ is non- 
singular. Since N’ is nilpotent the minimum function of y(N’) is divisible 
by A. Since N + N’ is non-singular the minimum function of y(N + N’) 
is not divisible by A. But y(N + N’) =w(N’) and we have a contradiction. 
Hence y is one to one and onto Y. 

Now let be a basis for over %. Consider the 
general element XY = Sz,e; and let m(A;2;) be the minimum polynomial of 
Y relative to X¥. Let h(A;2z;) be the minimum polynomial of % relative to 
the general element y(X) = Saw(e:). Now [m(A;2;) ]” is the characteristic 
function of % relative to X, [1], p. 123 or [3], p. 51. Furthermore both 
m(A;2a;) and h(A;2;) are monic polynomials in A. Hence 


[m(A3; ]" = q(A3 vi) h(A3 ai) + %) 


where r(A;2;) is either 0 or of degree less than n in A. Since y satisfies C+’ 
it is true that r(Saw(e:);a:) =O for all choices of a;e%. Because of the 
assumption on the number of distinct elements in % it now follows that 
r(A;a;) =0. Hence But since is a monic 
irreducible polynomial [1], [8] we have h(A;a%) =m(A;z2z;). Now for 
A [m(A;a;)]" is the characteristic function of A and 
[h(A;a;:)]" is the characteristic function of y(A). Hence for Ae M, A and 
W(A) have the same characteristic function. This proves Lemma 1. 


LemMa 2. Let % and yw be as in Theorem 2. Let & be an extension 
field of & such that ® splits A. Extend wy in the obvious manner to a linear 
mapping of Ag into My. Then y is a one to one mapping of Ag onto Ap 


Thr 
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such that A and y(A), considered as elements of Mg, have the same charac- 
teristic function. 


The fact that y is one to one follows as in Lemma 1. We have also 
seen that m(A;2;) =h(A;2%). But now for A = aeR, m(A; is 
the characteristic function of A considered as an element of Mg [1], p. 124 
or [3], p. 52. Similarly, h(A;a;) is the characteristic function of y(A). 
Hence A and ~(A) have the same characteristic function as elements of We 
and Lemma 2 is established. 

We now prove Theorem 2 by proving that y is either an automorphism 
or an anti-automorphism of %g. The latter result will follow from Theorem 
1 if it is shown that for all Ae %g, A and y(A) have the same minimum 
function. 

Let X = Szje; be a general element of M%q. Then y(X) —Y is an 
n X nm matrix each of its entries being a linear function of the z;. Now let 
(AI —X) =X’ and let p(X’) =y(Al—X) —=rAI— Y=Y’. Consider 
det (X’) —det(Y’). From Lemma 2 it follows that for every specialization 
of the z; into & the latter expression vanishes. From the assumption 
on the number of distinct elements in the ground field it follows that 
det (X’) —det(Y’) =0. But then, by a theorem of Frobenius [4] or [8], 
p. 15, there exist non-singular constant matrices P and Q such that either 
PX’Q = Y’ or PX"Q = Y’, where X”’ is the transpose of X’. In either case 
it follows that for every A e Wg, A and y(A) have the same invariant factors, 
and hence the same minimum function. Hence Theorem 2 is proved. 


4. Extension to semi-simple separable algebras. Theorem 2 is not 
true for semi-simple algebras. For let 2 be the direct sum of two total 
matric algebras of the same order; Y= MOM. If AcW then A—M,@M,, 
M,,M.eM. Define y(A) =M,@M,. The mapping y defined in this manner 
satisfies conditions C}’ but is neither an automorphism nor an anti-automor- 
phism of 2. We have however 


THEOREM 3. Let M be a semi-simple separable algebra and let yw be a 
one to one mapping of X onto XM such that w satisfies conditions C+’. Then 
y induces on each simple component of X either an automorphism or an antt- 


automorphism. 


Since y is one to one onto % it follows as in the second part of Lemma 1 
that w preserves characteristic functions. We now show that it will be suffi- 
cient to prove the theorem for the case that Y is a direct sum of total matric 


s 
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algebras. If the ground % is finite then & is a direct sum of total matric 
algebras, [1]. Suppose then that % is infinite. Mf is a direct sum of simple 
algebras M;. Let (j =1,2,---, i?) be a basis for over Let f(A; 
be the characteristic function of Y relative to the general element X = 3xjye;; 
and let g(A; ai;) be the characteristic function of 2 relative to y(X). Since y 
preserves characteristic functions and since is infinite, f(A; vj) = 9 (A; Vij). 
But now f(A; vy) =I] mi(a; where mji(A; vj), of degree n; in is 
i 


the minimum function of %; and m;(A;2j) contains no 2%j, h>4%. The 
minimam function of % is [] mi(A;2;). Because of the identity of f and g 
i 


it follows that the minimum function of % relative to XY is identical with the 
minimum function of % relative to y(X). Hence, as above, if is a splitting 
field for %, y will be a one to one mapping which satisfies conditions C}’ as a 
mapping of %q onto We. Clearly if the theorem is true for Wg it is also 
true for 2%. 

Suppose then that & is the algebraic closure of % and that 


MN, 


Theorem 3 will follow from Theorem 2 if it is shown that ¥(Mt,) S Mtn and 
¥(In) where I; is the identity of Mt, for h —1,2,-- -,k. 

Let I, be the identity of Mt. We show first that if y(J,) © Mt, then 
¥(M)eM, for all MeM,. For consider y(M) —M,+M.4+---+ 
+---++M; where MjeM; and MeMt,. Suppose now that (say) M, ~0. 
Then there exists a nilpotent matrix N,¢ Mt, such that M,+ N, is non- 
singular in %,. Since yw is one to one onto %& there exists an Ae, 
A=4A,+A,+---+An+:°°+-:+Ax where AjeM; and A; is nilpotent, 
such that ¥(A) = Now choose ae such that both M,-+ al, and 
M-+ A,-+ al, are non-singular in Clearly M+ A- al, has exactly 
m, non-zero characteristic roots, where n,”? is the order of {%,. But 


y(M + 4A+alh) 


has at least n,-+1 non-zero characteristic roots. Since y preserves charac- 
teristic functions, we have a contradiction. Hence for 14h, M;—0, and 
y(M) eM, for Me Mh. 
We now show that Suppose that y(J,) = where J; ~ 0 
ie 


and J;eM, and § is a subset of the integers 1,2,---,k. Let n be the 
degree of M;. Since y preserves characteristic functions it follows that 


nm. Now if n> mp, then there exist nilpotent Nie WM; such that 
ieS ieS 


i 
i 
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> (Ji + Ni) has exactly } n; non-zero characteristic roots. But } (J; + ™;) 
ieS ieS 


is the map of an element which has at most nm, non-zero roots, which is impos- 


sible. Hence PEE = n,. Furthermore, we may show, as above, that for all 
Me My, is an element of the direct sum of Mt, ie 8. Since preserves 
linear independence we must have 2 ni = m,. In view of the previously 
established equality this is only possible if the set S consists of only one 
integer r and n,m. We may therefore consider y(J;,) as mapping into 
M,. Since y maps the identity of YW into itself, it must, in view of the above 
discussions, map J; into J, Hence yw maps each Dt; into Mt; and y satisfies 
conditions C+’ on each Qt; Our theorem now follows from Theorem 2. 

Theorem 3 remains valid if we replace the assumption that y is one to 
one by the assumption that y preserves characteristic functions. We note 
also that if we assume that X and y(X) have the same characteristic function, 
where X is a general element, then the requirement on the number of distinct 
elements in % becomes unnecessary. 
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ON SIMPLE ALTERNATIVE RINGS.* 


By Erwin KLEINFELD. 


1. Introduction. Since alternative rings were first defined by Max Zorn 
[9] in 1930, this subject has made great strides. In fact the point has been 
reached where for a wide class of rings we can say much more by assuming 
they are alternative and not associative than by assuming the associative law. 
Such a class must of necessity be limited by the fact that the direct sum of 
an associative and an alternative ring is again an alternative ring. 

Recent investigations by L. A. Skornyakov, R. H. Bruck and the author 
have shown that the Cayley-Dickson division algebras are the only alternative, 
not associative division rings [3], [5], [7]. Assuming characteristic not 2 
the author has extended this result to simple alternative rings without nil- 
potent elements [4]. On the other hand A. A. Albert has shown that all 
simple, alternative, not associative rings, having a non-trivial idempotent, are 
Cayley-Dickson vector matrix algebras [2]. This leads one to suspect that 
perhaps there exist no other simple, alternative, not associative rings. For 
finite dimensional algebras the conjecture can be answered in the affirmative, 
wtih the help of R. D. Schafer’s work [6]. The present paper throws some 
new light on this question, but does not settle it entirely. 

Throughout this paper, R will denote an alternative, not associative, 
simple ring of characteristic not 2. From [2] we are able to deduce that RF 
is a Cayley-Dickson algebra (this includes both the vector matrix and division 
algebras) if and only if it contains an element x not in its center, such that 
x? is a non-zero element in the center. [3] is filled with identities which 
make it plausible that such elements should exist. In particular, even powers 
of associators and commutators have certain desirable properties which enable 
us to satisfy this condition under suitable assumptions. 

We are able to show that R is a Cayley-Dickson division algebra if and 
only if (a,b) =0 implies (a,b, R) =0. This condition is more satisfactory 
than the assumption of no nilpotent elements, since it is weaker in the case 
of algebras and there exist numerous algebras with radical satisfying it. A 
motivation for this assumption is to be found in [3], in particular Lemmas 
3.3 and 4. 1. 


* Received April 7, 1952. 


98 


{ 
|_| 


ON SIMPLE ALTERNATIVE RINGS. 99 


A necessary and sufficient condition that R be a Cayley-Dickson algebra 
is the existence of elements a,b,c in R which are pairwise anti-commutative 
and whose associator (a,b,c) is not a divisor of zero. Identity 2. 20 of [3] 
shows how to obtain an abundance of anti-commutative elements. We dis- 
cover incidentally that for any alternative ring S containing pairwise antt- 
commutative elements x, y,2 the identity (S,x*) (x,y,z) =0 holds. This 
leads to a substantial simplification of the division ring proof for charac- 
teristic not 2, by showing directly that squares of commutators are in the 


center of the ring. 


2. Preliminaries. We begin with the application of Albert’s result. 
Kaplansky pointed out to the author in conversation that it is sufficient to 
show the existence of a field in R, quadratic over the center C of #, in order 
to establish the finite dimensionality of R. For let F be such a field. We 
form the Kronecker product K = R X F over C. K is then a simple, alterna- 
tive, not associative ring containing a non-trivial idempotent, hence a Cayley- 
Dickson vector matrix algebra over its center C, by Albert’s result. Conse- 
quently RP, a simple, non-associative, alternative subring of K, must have been 


a Cayley-Dickson algebra to begin with. 


THEOREM 2.1. A necessary and sufficient condition that R be a Cayley- 
Dickson algebra over its center C is that there exist an element x in R but 
not in C, such that x? is a non-zero element in C. 


Proof. Such an element can always be found in a Cayley-Dickson algebra. 
Conversely, given x, since x? —c is in C, C isa field. We form F —C + Cz. 
If the equation z* — c = 0 is irreducible, then F is a quadratic field over C 
and the previous argument applies. If, on the other hand, z?7—c=—0 is 
reducible, then there exists an element d in C such that (cx —d)(x-+ d) = 0. 
But then (x -+ and we obtain that y= (x + d)/2d has 
the property yy. Since z itself is not in C, y is a non-trivial idempotent. 
In either case then R must be a Cayley-Dickson algebra over C. 


3. A new identity. We begin by reviewing a number of results from 
[3]. Let S be any alternative ring and w,z,y,z arbitrary elements of S. 
Then f(w, x,y,z) is defined by the identity 


(1) (wx, y,%) =f(w, 2) + y, 2) + (2, y, 
It can be shown that 


(2) f(w,2,y,2) is skew-symmetric in its four variables. 
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Moreover the following identities are satisfied: 
(3) f(w, x,y, 2) = ((w, x), + (y,2)), 
(4) 3f(w, x,y,z) = (w, (x, y,2)) — (&, (y, 2, w)) 
+ (y, (4, &)) — (4, (w, y)). 
From the definition of the commutator we obtain 
(5) (ty, = 2(y,2z) + (x, 2)y + y, 2). 
Also by some calculations involving f(w, x, y, z) it can be shown that 
(6) 9) (2,9) 2) = — 2) (#9). 
THEOREM 3.1. Let a,b,c be elements in S such that 
(c?, a, 8) == b, S) = (c?,a) = (c*, = 0. 
Then (S, c*) (a, b,c) =0. 
Proof. Let p,q be any elements of 8. Then 
(a, b,c), p) = (c, c(a, b,c) + (a,b, c)c, p) = (c, (a, b, c?), p) = 0. 
By means of (3), with w—c’?, r=a, y=), z=q we obtain 
f(c?,a, b, = ((c*,a),b, + (b, =0. 
By means of (4), with w—c?, r =a, y = b, z = q, therefore, 
0 = 3f(c?, a, b, q) 
— (c*, (a, b, — (a, (bg, + a)) — (q b)) 
= (c*, (a, 6,q)). 
Now we let g = p, g = pe and q = (p,c) in succession and obtain 
(7) (a,b, p)) =0, (8) (c%, (a,b, pe)) =0, 
(9) (a,b, (p,c))) =0. 
If we let r =a, y= in (5), then we get 
(ab, c?) =a(b, c?) + (a, c?)b + 3(a, b,c?) =0. 
Similarly (ba, c?) =0, and therefore 
(10) ( (a, c?) == 0. 
Consequently 


c*( (a, b), ((a, b)c?, (c?(a, b), Pp) ((4, b), ¢, p)c?, 
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making use of (10). From this follows 
(11) (c?, ((a, 6), ¢,p)) = 0. 
Let w =a, r>=b, y=c, 2—p in (8) to obtain 
f(a, b, ¢, p) = ((4, 6), ¢, p) + (a, 6, (¢, p)). 


Now by means of (11) and (9), c? commutes with the right hand side of the 
last equation. Therefore 


(12) f(a, b,c, p)) =0. 
On the other hand (1), with wc, x= p, y=a, 2 =b implies that 
(13) (cp, a,b) =f(c, p,a,b) + p(c, a,b) + (p, 4, b)e. 


Now put z= (p,a,b), yc, 2=c? in (5) to obtain 


((p, a, b)c, = (p, a, b) (c, + ((p, 4, b), c?)¢ + 3((p, a, b), ¢, c*). 
Therefore by means of (7) it follows that 
(14) ((p, 4, b)e, c?) =0. 
Combining (8), (12), (2) and (14), and commuting each side of (13) 
with c? yields 
(15) (p(a, b,c), c?) =0. 


If we put x= p, y = (a, b,c), zc? in (5) we obtain 


0 = (p(a, b,c), c?) = p((a, b,c), c?) + (p, c?) (a, b,c) + 3(p, (a, b, c), c?) 
== (p, c?) (a, 5, ¢). 


Since p was taken to be an arbitrary element in S, (S,c?) (a,b,c) =0 and 
the proof of the theorem is completed. 


4, (a,b) =0 implies (a,b,R) =0. Throughout this section we 
assume in addition that whenever two elements a,b in R commute then 
(a,b, R) This condition automatically rules out the Cayley-Dickson 
vector matrix algebras. 

In order to prove the finite dimensionality of R over its center C’ we 
require some results of [3] and [4]. Let w= (a,y,2), where z,y,z are 
arbitrary elements in R. Then 


(16) (u?,ur) = zu) =0, 


(17) (a,b,R) =0 implies (a,b) =0,. 
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(18) the nucleus N of R coincides with C and 1s either zero or a field. 


With the aid of (17) and the additional assumption on F it can be 
shown that 


(19) for an arbitrary element q in R the set T of all t in R such that 
t(q, fh, k) = (q, Rk, h)t th, h) = Rt, t, = 0, ts 
a two-sided ideal of R. 


From (19) and Lemma 3.3 of [3] it follows that 
(20) if (p,x) =(p,y) =0 and (2,y) ~0, then p ts in C. 
We first prove a couple of Lemmas: 


Lemma 4.1. If r,s are elements of R such that r?=s 
then rs = 0. 


Proof. Suppose rs5£0. Then (r,s) =2rs0. But (rs, r) = (rs, 8) 
=(. We use (20) to obtain that rs is in C. But (rs)?=0. Because of 
(18) we have obtained a contradiction. This proves the Lemma. 


Lemma 4.2. Let 2, y,z be arbitrary elements in R and u= (2,4, 2). 
Then u? is an element of C. 


Proof. Suppose wu? is not in C. Clearly (u?,w) =—0. By means of 
(16) we obtain (u?, uz) = (u*, ru) =0. Consequently we use (20) to show 
that (u, ur) = (u, ru) =0, from which (u?,z) =0 follows. By a similar 
argument (u*,y) =0. We have w0, so that (z,y) #0 by hypothesis. 
If we use (20) again, we obtain that uw? is in C. This is a contradiction, 


and so u? is in C anyway. 
We now establish the main result of this section: 
THEOREM 4.3. R is a Cayley-Dickson division algebra over C. 


Proof. If R contains no nilpotent elements, we are done, because of the 
main result of [4]. Otherwise we can find an element in RF such that 7 0, 
x? =0. Since C is either zero or a field, x cannot be in C. 


Suppose that for every r,s in R, (z,r,s)?=0. Since 
0 (2’, r,8) =2(x,1,8) + (2, 


we can use Lemma 4. 1 to obtain z(z, r,s) = (z,r,s)x=0. If we put g—z 
in (19), then it is easily verified that z is in T, so that 7 —R. But then 
(x, R, R) =0 and this means z is an element of N. However z is not in C 
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and this contradicts (18). Therefore there must exist 7,5, in R with the 
property (2, 40. Let v= (2,7,,5,). Then by Lemma 4. 2 v? is in 
C and C is a field. Suppose that v is also in C. Since v0, (2,71) #0 
by hypothesis. However putting y=r,, in (6), we obtain 
0 = (v, 2,71) = (%,7,)v. Since C is a field this implies (z, 7,) = 0, a con- 
tradiction. Thus v is not an element of C and we may now use Theorem 2. 1 
to show that R is a Cayley-Dickson algebra. Since the vector matrix algebra 
has already been ruled out, R must be a Cayley-Dickson division algebra. 
This completes the proof. 

It is of interest to note that the additional hypothesis on RF in this 
section could have been replaced by either (20) or Lemma 4.1 and Theorem 
4,3 would still be true. Since the arguments involved are very similar to 
the preceding ones, we omit the details. 


5. Further results. We indicate first how Theorem 3.1 leads to a 
simplification of the division ring proof. Let S be a non-associative, alterna- 
tive division ring of characteristic not 2. We can choose z, y in S such that 
v= (zr,y) #90. Because of (17) there exists an element z in S such that 
u = (x,y, 2) 0, and moreover (6) tells us that wv + vu=0. Consequently 
(u,v) £0 and we can use (17) again to obtain the existence of an element 
in such that w= (u,v,t) 0. Also uw+ wu=—vw-+ wv.=0 and 
(u,v,w) =2uv-w 0. We apply Theorem 3.1, with b—=u, c—v, 
and obtain that v? is in the center C of 8. In fact the square of any com- 
mutator must be in C. At this point we can apply any one of a number of 
results to prove S is a Cayley-Dickson division algebra. In particular [1], 
[8], or Theorem 2.1 of the present paper could be used. Of these [8] seems 
most appropriate in this situation. 


Finally we sketch the proof of the following result: 


THEOREM 5.1. A necessary and sufficient condition that R be a Cayley- 
Dickson algebra is that there exist pairwise anti-commutative elements a, b, c 
in R such that u= (a,b,c) is not a divisor of zero. 


Proof. Since u,a,b satisfy the hypothesis of Theorem 3.1 we obtain 
(u’, R) (u,a,b) =0. By hypothesis it follows that 2ab- wu annihilates (u?, 
By some straightforward calculations it follows that ab annihilates (u?, 2), 
and therefore so do bc and ac. We show in successive steps that ((u?, R), a, b, c) 
= 0, so that a- be and ab-c annihilate (u*,R). We conclude that (u?, R)u 
=0(. Since wu is not a divisor of zero, (u*,R) 0. Even when # has 
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characteristic 3 it follows that wu? is in C. By hypothesis wa + au = 0, so that 
wu cannot be in C. We then apply Theorem 2.1 and the proof is complete. 


Added in proof (December 11, 1952). The conjecture about simple 
alternative rings made in the introduction has recently been proved by the 
author and the proof now awaits publication. 
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A GENERALIZATION OF A THEOREM OF JACOBSON III* 


By I. N. HERstTEin. 


A well known theorem of Jacobson ([3], Theorem 11) states that if in 
a ring R every element satisfies an equation of the form 2*@) =z with 
n(x) > 1 depending on z, then FR is commutative. In a recent paper ([{1]) 
we proved the following generalization of this: “Let R be a ring with 
center Z, and suppose that for every xe R, 2*—axeZ where n is a fixed 
integer larger than 1; then R is commutative.” In [2] we extended this 
result to the case that n is no longer fixed, depending on x for its values but 
where is uniformly bounded for all z. We have succeeded here in removing 
all such restrictions and now prove the 


THEOREM. Let R be a ring with center Z. Suppose that every xe R 
satisfies x") —xeZ, where n(x) >1 is an integer which depends on z. 
Then R is necessarily commutative. 


In the remainder of this paper FR will always denote a ring with center Z 
such that «"“) —axeZ for every re R, with n(x) >1 an integer depending 
on xz. Whenever we use the word ideal in an unqualified fashion we will 
always mean a two-sided ideal. 


1. The division and semi-simple ring cases. To establish the result 
for the division ring case we make use of the following recent theorem due 
to Krasner [5]. 


THEOREM 1. (Krasner) Let K be a finite extension of a field k. If 
every xe K satisfies an equation of the form x2") —aek, where n(x) >1 
is an integer depending on a, then k is an algebraic extension of a finite field. 


Now suppose that R is a division ring. For xe RF consider the field 
Z(x) obtained by adjoining zx to the center Z. Since every te Z(z) satisfies 
an equation of the form ¢") —¢eZ, and since Z(z) is a finite extension of Z, 
Krasner’s theorem applies. But then Z is algebraic over a finite field, so that 
every «ef is algebraic over this finite field. Thus every reF satisfies 
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z*(#) — ¢ for some f(x) >1. We are then thrown back to a situation where 
Jacobson’s theorem can act and we have 


THEOREM 2. If R is a division ring, then R is commutative. 


We are now in a position to start the step-by-step climb to establish the 
theorem for semi-simple rings using as our ladder the Jacobson structure 
theorems [4]. In order to do so we need a few preliminary lemmas. In these 
lemmas we make no assumption of semi-simplicity for R. 


Lemma 3. For each xeR there exist arbitrarily large n(x) with 
—geZ. 


For if and (2")™"—a"eZ, m >1, then 
Continuing in this way we have the lemma. 


Lemma 4. If ts nilpotent, then 


For suppose that zt —0. By Lemma 3 we can choose an n >? so that 
z"—azeZ. Since 2*—0, x must be in Z. 

Suppose on the other hand that ee R and e?=—e. For any ze, 
(re — exe)* = (ex — exe)? =0. This puts ze—eze in Z. Thus 


0 = e(xze — exe) = (xe — exe)e = re — exe; 


hence ze = exe. Similarly ex = exe, from which we deduce that ex ze, 
and we thus have 


LemMA 5. If ee R is an idempotent, then ee Z. 


Consider be R, where b is a divisor of zero in R, that is, bx = 0 with 
non-zero center element. If, on the contrary, 2) =~, then as is easily 
verified e = z")-1 £0 is an idempotent, and therefore must be in Z. We 
also have be=0. Thus 0 again annihilates a non-zero center element. 


Summarizing, we can say 


LemMa 6. If be R is a divisor of zero in R, then b annthilates a non- 


zero center element of R. 


Let us now turn to the case that RF is a primitive ring (cf. [4]). Then 
R has a maximal right ideal p which contains no non-zero ideal of R. Let 
r~O0ep. Since (x is an ideal of R and is con- 
tained in p. The result of this is that (x"@ — x) R = (0) ; but the primitivity 
of R allows this only if a") =. This leads to the conclusion that e = #"@)-1 
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is an idempotent, and therefore in Z by Lemma 5; thus eR C p is an ideal 
of contained in p, and since e? =e ~0eek, eR ~(0). This contradiction 
can be avoided only if p= (0). But then F is a division ring, in which case 
Theorem 2 forces it to be commutative. So we have proved 


Vv 


THeoREM 7. Jf R is primitive, then it is also commutatwe. 


Any ring &, semi-simple in the sense of Jacobson, is isomorphic to a 
subdirect sum of primitive rings R; each of which is a homomorphic image 
of R. The property of R that 2"@)—zeZ is thus inherited by each of 
the #;. These, in turn, must be commutative, by Theorem 7, since they are 
primitive. FR, being a subdirect sum of commutative rings is itself com- 


mutative. Hence 


THEOREM 8. If R is semi-simple then it must be commutative. 


Suppose, then, that R has N as its Jacobson radical. R/N is semi- 
simple, so it is also commutative. All the commutators are thus located 
in N. In other words 


THEOREM 9. Yor all z,yeR, cry—yreN. 


2. The case R is subdirectly irreducible. A ring FR is said to be sub- 
directly irreducible if the intersection of all its non-zero ideals is not merely 
the zero ideal. Every ring is isomorphic to a subdirect sum of subdirectly 
irreducible rings. In order to prove our theorem for general rings, in this 
way, it is sufficient to prove it for subdirectly irreducible rings. Henceforth 
in this paper R will always denote a subdirectly irreducible ring with center 
Z where x") for all ce R. 

Let § be the intersection of the non-zero ideals of R. Then SS (0). 

Consider s ~0e8. If we suppose FR to be non-commutative, then by 
Theorem 8, V ~ (0), so that SC N. Since se N, As (ef. [4]), which 
implies that s"“) —seZNS. T —8S(s"®)—s) is thus an ideal of R, and 
since T C S, we either have T = (0) or J =S. Since 8 C N and s*® —se8, 
the possibility that T = S is ruled out ([4]). Consequently T—(0). From 
this s(s") —s) 0, which leads to s? = sn(s)+1 — s?n(s); but this again is 
only possible if s* 0, since se N. So Lemma 4 tells us that se Z. For all 
se 8, since Ss is now an ideal of R and Ss ~S, we are left with Ss = (0) ; 
that is S*= (0). Altogether we have shown 


TueorREM 10. If R is subdirectly irreducible and non-commutative, then 
S CZ and = (0). 


We can now prove the key 
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THEOREM 11. In R, xy—yr is nilpotent for every z,ye R. 


Proof. Suppose c—uv—vu0 is not nilpotent. Since 8S? = (0), 
c'¢ 8 for any integer i. Using Zorn’s lemma we can find an ideal U (0) 
of R so that 


(1) ct¢U for any integer 1 


(2) if W is an ideal of R and W> U, WSU, then c*e W for some 
integer k. 


Let R= R/U. In R we have 
(a) 2) —ZeZ, the center of R, for all Ze R, 


(b) if V (0) is an ideal of R then 0A é”) ¢ F for an appropriate 
integer k(V). 


We claim that & has no non-zero divisors of zero. For if ab = 0,a-0, 
b 0, by Lemma 6 we may assume that be Z. Let T(b) = {ée R | = 0}. 
T(b) is an ideal of R, since be Z, and since it contains 4 ~ 0, T(b) =~ (0). 
Hence for some suitable integer &. Let d — cn eZ, where 
nm>1. Since GeN (Theorem 9) d0. Also deT(b). Consider 
T(d) ={zeR|d=—0}. Since deZ, T(d) is an ideal of R; moreover it 
contains 6 so it is not just the ideal (0). As a consequence é/¢e T(d) for 
some integer 7. This leads to 0 = cid — ckn+i — ki, which is impossible 
since Ge N and is not nilpotent. So we are forced to assume that R has no 
non-zero divisors of zero. 

Let V (0) be an ideal of &. Then te V for some integer 1. By 
Lemma 3 we may suppose that é"© —éeZ, with n(é) >%. Thus if we let 
=n, — FeV. So for all ideals V ~(0) 
of R. R can not be subdirectly irreducible, for if it were, since it is also not 
commutative (€ = ait — vi ~0) by Theorem 10 its minimal ideal would be 
nilpotent, which possibility is ruled out by the absence of zero divisors in R. 
So we are left with only one alternative, namely that ¢f —Z¢—O0 for all 
ZeR; that isé@eZ. For any <0 in let Ge. Since Ce Z, — 
for all integers i. So for every ideal V ~ (0) of R, 7 = GZ+e V for appro- 
priate i. The argument used for proving é¢ Z then applies equally well to 7, 
so we have fe Z. So for all ge R, 77 — G9 (CZ) — CHF, from which 
it follows that ¢(#j7 —9Z) —0. Since R is free of divisors of zero we must 
have that #7 —gZ—0 for all %,7eR; that is R is commutative. Since 
0+ ¢ = iv — vii =0 we reach a contradiction. This leads us to the only 


A 
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possible conclusion, namely that every commutator of RF is nilpotent. Theorem 
11 is thereby established. 
By Lemma 4 we then have 


Corotuary. For all R, ry—yreZ. 

Since zy — yx eZ, an easy induction establishes 

Lemma 12. For all integers k >1 and all z,ye hk, 
— = (ry — 


Suppose that Then 2"y— yr" —2zy— yr. But we 
also have, from the above, that 2"y— yr" = ne"""(xy— yx). Combining 
these we have 


THEOREM 13. Jf then forall yeR 
(xy — yx) = (ty — yz). 


Let A(S) = {re R| Sxe—(0)}. A(S) is an ideal of R, and since 
S? = (0), A(S) D 8; so A(S) (0). 


THEOREM 14. A(S) CZ. 
Proof. Suppose that ce A(S), 2*—axeZ, n >1; suppose also that for 
some ye Rk, cy—yx~0. Since 
nan (ty — yt) (zy — yx) A 0, 


R(xzy — yx) ~ (0). Since zy—yreZ, R(xy— ye) is an ideal of R, and 
not being (0), R(xzy—yr) DS. If sAO0eS, then s can be written as 
s=r(ry—yzr) for some re Rk. Thus 


$= r(ry — yr) (zy — yz) 
= nr (ry — yr) = nsx" = 0, 


since re A(S). This proves that ry— yx —O for all ye R, so xeZ and 
A(8S) CZ. 
As a consequence we also have 


THEOREM 15. If A(S) then R ts commutative. 


Since the case A(S) = RF is thereby settled, we henceforth assume that 
A(S) 


We now obtain 


THEOREM 16. All divisors of zero in R are in A(8). 
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Proof. Suppose that za=0, 70,a0. By Lemma 6 we are free 
to assume that x could have been taken as an element of Z. If Rx = (0), 
then A = {re R | Rx = (0)} would be a non-zero ideal of R and would then 
contain S; that is SR = RS = (0), from which it follows that A(S) = R, 
a possibility we have already ruled out. So Ras (0). Since reZ, Re is 
an ideal of R; so Rr DS. This yields (0) = Raa D Sa. Thus ae A(S) 
completing the proof of Theorem 16. 


THEOREM 17. R/A(S) 1s a field. 


For suppose that xe R, xf A(S). Since @ is not a divisor of zero, 
zs 9 for any s0 in 8S. Pick in 8. Rs=sk- (0), for other- 
wise, as above we would obtain SR = (0). Since sF is an ideal of FR, and 
sR C 8, the fact that sR ~ (0) forces sR Since ts ~0eS8, we also 
have = 8S. Hence for some ye R, s = vsy = zys, since se Z. Let e = zy. 
For all we R, (we —w)s=0, so by Theorem 16 we—weA(S). Given 
any we R, wZA(S) we can, using the same argument used in obtaining e, 
find a v so that ww—eeA(S). R/A(S) is then a field with e+ A(S) as 


its unit element. 
THEOREM 18. R/A(S) is of characteristic p~ 0. 
Proof. Pick xe R,2fA(S). Then for some n> 1, 
(i) 


By Theorem 13, (na"—~2) (ry — yr) =0, so is a zero divisor, 
forcing it to be in A(S). We then have 


(ii) CZ. 


From (i) and (ii) we get (n—1)reZ. So for all ye R, (n—1) (ty — yz) 
= (); this also gives ((m—1)zx) (xy — yr) = 0, that is, (n —1)z is a divisor 
of zero, and therefore must be in A(S). In R/A(S) this reflects into 
(n—1)@=—0 with =40 and n—10. This means that R/A(S) is of 
characteristic p= 0. 


THEOREM 19. R is commutative. 


Proof. Let P be the prime field of R/A(S). By Theorem 18 P is a 
finite field. Let 2,y#A(S). By Theorems 13 and 16, for suitable integers 
n>1,m>1, my™*=—1. Hence = ¥), the field obtained 
by adjoining both < and ¥ to P is a FINITE field. Thus in Q, t?* =¢ for all 
teQ, where >0 is a FIXED integer. Let Q* = {be R| b+ A(S) Q}. 
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Q* is clearly a subring of R, and in Q*, r**—reA(S8) CZ for all re Q*. 
The main theorem of [1] consequently forces Q* to be commutative. Since 
z,yeQ*, czy=yr. So for all z,yfA(S). Since for 
zeA(S) CZ, all ef A(S) are in Z. Combined with A(S) CZ we have 
that R must be commutative. 


Between Theorems 19 and 15 all the possibilities, when R is subdirectly 
irreducible, are taken care of. Thus we have completely proved 


THEOREM 20. Jf R is a subdirectly irreducible ring with center Z, and 
for every ce R with n(x) >1, then R is commutative. 


Using the fact that every ring is isomorphic to a subdirect sum of sub- 
directly irreducible rings we are able to achieve the result which was the goal 
of this paper, namely 


THEOREM 21. Jf R is a ring with center Z such that *@)—-aeZ for 
allae Rk, where n(x) > 1 is an integer depending on x, then R is commutative. 


CowLes COMMISSION FOR RESEARCH IN ECONOMICS AND 
THE UNIVERSITY OF CHICAGO. 
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THE NON-EXISTENCE OF CERTAIN EXTENSIONS.* 


By Marc KRAsNER. 


I, N. Herstein recently asked me the following question which arose in 
connection with some problems in ring theory: Let K be a finite algebraic 
extension of a finite field &; is it possible, in any situation other than an 
algebraic extension of a finite field, that every ae K satisfies a non-linear 
equation —z—da—0, where >1 is an integer depending on 
and dq is an element of & which also depends on a. It will be proved below 
that the answer to this question is in the negative. This result is used by 
Dr. Herstein in his paper which follows the present one.* 


The result is combined in the following 


THEorREM. Let K be a finite extension of a field k. Suppose that every 
aeK satisfies an equation of the form 4 —2—dqg—0 where n(a@) is an 
integer larger than 1 and depends on « and aaek also depends on a. Then 
K is an algebraic extension of a finite field. 


1. Let K/k be a finite algebraic extension of degree greater than 1 
such that each «eK satisfies an equation x" —-r—ag=—0 with agek, 
n(a) >1 both depending on a. Then if «afk and if Xck, there exist only 
a finite number of dA-values for which n(drA«) has the same prescribed value. 
Indeed, 8 = Aa satisfies an equation y"®)—y—ag=—0. Hence 
satisfies (Ar)"®) —)\r—ag—0, i.e, 2x6) — If 
== n(B), we have (A-"*1— and if 
then ae k, contrary to hypothesis. On replacing « by any element in the set 
ka, the proof is complete. Thus, if afk and tf ts an 
infinite sequence of elements of k, then n(Bi), where Bi =a, converges 


to +o. 


2. Reduction of the problem. Suppose that k& is not an algebraic 
extension of a finite field. Then if an extension K/k of the considered kind 


* Received April 22, 1952. 
11. N. Herstein, “A generalization of a theorem of Jacobson III,” American Journal 
of Mathematics, vol. 75 (1953), pp. 105-111. 
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exists, there exists such an extension, in which K has one of the following 
three forms: a) pure transcendental extension R(t) of the rational number 
field R; b) pure transcen/ental extension P(t) of the field P of p elements; 
c) an algebraic number field of finite degree. 


Indeed, consider an ae K; then ag = a" —« is contained in the field 
K obtained by the adjunction of « to the prime field of K (or k), and, also, 
ink=KOk. Ifa¢gk, we have If Be K, the field obtained by the 
adjuction of 8 to the prime field is contained in K; so that a age KN k= k. 
Thus K/k is an extension of the considered kind. 

If the characteristic of K is 0, then K is one of the form a) or c). 
If the characteristic is ps4 0, then, since we have supposed k not to be an 
algebraic extension of P, there exist in K elements which are transcendental 
over P. All these elements can not belong to k, for if they did, then, as each 
element 8 ¢ K algebraic over P can be represented as the difference (¢ + 8) —t# 
of two elements transcendental over P (and in K), we would have K =k. 
Thus we can choose as a an element transcendental over P (not in &) and K 
is of the form b). 


3. Let |---| be a valuation of K, and let K, & be the completions of 
K, k with respect to this valuation. Suppose that there exists a compact 
subgroup U* of the multiplicative group U of units of & (for the considered 
valuation) such that U* =U*( k is an infinite set. Then if K/k is an 
extension of the considered kind, we have K =k. 


Let € be an element of K. On multiplying € by a convenient »~0ek 
we can obtain an «= ypé such that |a@| <1. Let be an 
infinite sequence of elements of U* and let B;—=2Aiw. Then for each 3, 
— 0, where Cai But n(Bi) +0 
and since | a| <1, | #6)|-+0. On the other hand, as A;-"6)*4 e U* forms 
an infinite sequence in the compact set U* of &, this sequence has at least 
one limit point Xe U* Ck. Suppose that everything has been renumbered 
so that a subsequence converging to A is given by {A;")1}, ie., 
5}. Then also the sequence = — —» — Xa con- 
verges and its limit is in & Hence X\Xeek, and as Xck, we have ack and 
This proves that K =k. 


4. The cases a) and b), K a pure transcendental extension C(t) of 
transcendence degree 1 over a prime field C (—R or P). Then, by Liiroth’s 
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theorem, k, which certainly contains the prime field C, is of the form C(@), 
where 0 = ¢(t) is a polynomial in t with coefficients in C. As for each ae C, 
a0, C(ax) =C(x) and for each Ae C, A~0, C(AO) =C(6), we can, 
without changing K/k, replace ¢(t) by any Ad(ar), a0, AO and 
a, Ae. 


5. In the case of a) we shall take as |- - -| a valuation extending some 
p-adic valuation |---|, of R. Before this extension however we multiply 
t and 6 by elements of R in such a way that ¢(t) will be replaced by a 
normed polynomial = u,i™1+ um in which all its terms 
except the first are divisible by p (which is clearly possible). When that is 
done, define the valuation of K by putting | €| — Max | a; |, for each poly- 
nomial (a;e¢ R) in t with coefficients in R. 


R, which is the rational p-adic field, is locally compact with respect to 
|- --|==|---|,, and so the group of its units U* (which is a subgroup 
of the group of units U of k = R(@)), being bounded, is compact. 


U* U* k=U* R, 
which is the group of p-units of R, is infinite. Hence we must have K =f. 


It will first be shown that the valuation induced by |- - -| on k= R(@) 
is of the same kind, i.e., that if 7 —%.a,6‘ is a polynomial in 0, we have 
|| Max | a |p Max|a;|. Indeed, by the definition of 6=¢(t), 

i i 


|| —Max(|1|,| 
(because | u;| <1 for each +) and 


i=m 
|S ut-* | Max |u| < 1. 
iz i 
Hence 
| at | = | a,(6* — t™)| S Max (| a, 
i 
< Max|a;| and | | = Max | a; |. 
i i 


Consequently 


|» | =| | Max | a; | 


If K =k, then tek. Hence there exists an element €e%k such that 
in K, and therefore also in K (as the valuation extends that of K and ¢ and 
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€ are both in K), we must mave |t—é|<1. Since | ¢|—1, we have in 
particular |é| 1. But é is a quotient g(6)/h(@) of two polynomials in 8, 
and we can suppose that the coefficients of h(@) are all integers in R and 
not all divisible by p. Then | h(6)| 1, and we have | th(@) —g(@)| <1, 
that is, all the coefficients of th(@) —g(@) are p-integers of R divisible by p. 
But h(@) =h(t") (mod p); hence th(t™) =g(t") (mod p), where h(@) 
has at least one coefficient not divisible by p. Then th(t™) has at least one 
term with coefficient +40 (mod p) and with degree =1 (mod m), and the 
degrees of all the terms of g(¢”)are =0 (mod m). Hence m = 1 and K —k, 
against the hypothesis. 


6. In the cases b) and c) we consider any non-archimedean valuation 
of K. Then, as K is locally compact, we can take as U* the whole group of 
units U of &, and UN k is clearly infinite. Hence K =& holds again. 

It follows that any prime ideal » of k is completely decomposed in K; 
i.e., each of its prime factors $$ in K has its residual degree f in K/k and its 
ramification order e in K/k both equal to 1. 


7. In case b) consider the ideal pp = (8@—a), ae P, of k. The residual 
field, r2, of Pg in & is P, the prime field. Hence if % is a prime factor of p,q 
in K, there must be, as | | 1, some be P such that t==b (mod %). Thus 
— (t — and as pg = (9 —a) = (¢(¢) —a@), we must have ¢(t) —a=0 
(mod ({—b)). But it cannot be that ¢(¢) —a=0 (mod (t¢—b)?), for 
then p, would be divisible by $8, hence eA 1. Consequently, if m is the degree 
of ¢(t), d(¢) —a must decompose in m linear factors in P, for each ae P. 
But if aaeP, (¢(t) —a) — (o(t) =a—a’ <0, and 
¢(t) —a and $(t) —a’ can have no common factor. Hence IT (4(¢) —da) 

ae 


must decompose in mp different linear factors in the field P of p elements. 
This is only possible if mp—p, m~—1; i.e, if K=k, which violates 
hypothesis. 


8. There remains only the case c). Consider the Galois field (normal 
extension) K* of K/k; that is, the field composed by the conjugate fields of 
K over k. If each prime ideal of & is completely decomposable in K, it is 
also completely decomposable in K*. Let & be the Galois group of K*/k 
and let g be some Abelian subgroup of © other than the identity. Let k* be 
a subfield of K* belonging to g. Then each prime ideal of &* is completely 
decomposable in K*, and K*/k* is an Abelian extension such that K* ~k*. 
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But a prime ideal p* of k* is completely decomposable in K* if and only if 
it belongs to the Takagi group Hx+/,+, and if K* ~Ak*, there exist prime 
ideals p* of k* which do not belong to Hx+,/z+._ Thus, contrary to what has 
been proved above, not all ideals p* of k* are completely decomposable. This 
completes case c) and the proof of the theorem. 


9. The reasoning leading to K =k is not applicable to the case in 
which K is an algebraic extension of P, because we cannot find a valuation 
of K satisfying the requirements of Section 3. Indeed, in this case the only 
valuation of K is its trivial valuation |0|—0,|«|=—1if a0. But then 
k& =k and the only compact set of & are finite sets of k. 


NoTRE DAME UNIVERSITY AND 
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DIFFERENTIAL SYSTEMS AT SINGULAR POINTS.* 


By Hartman and AUREL WINTNER. 


1. In a vicinity of (7, y) = (0,0), let 


(1) f=f(z, y)> g=9(%, where f (0, 0) = 0, g (0, 0) = 0, 


and suppose that (2) has a solution 


(3) Tr: g=—2(t), y=y(t), where <b) (So), 
satisfying 
(4) (0,0) (x,y) > (0,0) as tb. 


defined by 
(5) r= 27? + y? and 6 = arc tan y/x 


(and say 0 = 6(0) < 2z). 


or not 


to) 


and, incidentally, with the question whether or not (6) implies that 


(7) lim W(t) = 4) (mod z), where y(t) = arc tan /a’(t). 


any ¢ near b (so that y(t) is defined mod z). 


* Received May 7, 1952. 


ON THE BEHAVIOR OF THE SOLUTIONS OF REAL BINARY 


be continuous functions. Consider the system of differential equations 


(2) w=f(r,y), (‘= d/dt), 


Then I will be referred to as a solution path of (2) reaching the origin. 
(There is no loss of generality-in assuming that (2(t),y(t)) tends to the 
origin for increasing t, since otherwise f, g would be replaced by —f, —q). 
Corresponding to (4), let r—=r(t) > 0 and 6=6(t) be continuous functions 


This paper will be concerned with the question of the existence of a 
tangent to the solution path T at (0,0), that is, with the question whether 


(6) o =lim exists, 0 <0), 


It is not supposed that f? + g? > 0 if z? + y? > 0, that is, that (x, y) = (0, 0) 
is an isolated singular point of (2). It will be understood that (7) will be 
meant so as to imply that 2’(¢) and y’(t) do not vanish simultaneously for 
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In § 2-§ 6, general theorems will be developed. In § 7-§ 8, these will 
be applied to cases in which (2) is of the form 2’ —ar-+ py+o(r), 
y = yx + dy + 0(r), as r—>0, where ad — By ~ 0. 


2. It will be convenient to formulate a set of conditions (+) to be 
assumed below for the pair of functions f, g in (2). 

(+) Let f(z,y), g(z,y) be continuous functions on some circle 
x2*-+ y?=const. Let 2* be a closed periodic set, of period 27, which 
contains no interval. Let the limits 


(8) (6) =limf(rcos6,rsin@)/r, =lim g(r cos 6, rsin#@)/r 


r—>+0 r—>+0 
exist uniformly on every closed 6-interval not containing any point of 0*, 
and let the functions (8) have the properties that 


(9) F?(6) + G°(@) > 0 for 6 not in Q* 


and that the set 0° of 6-values not contained in Q* and satisfying the equation 


(10) J (0) =0, 
where 
(11) J (0) = G(6) cos 6— F(6) sin 8, 


is either empty or an infinite sequence which has no finite cluster value in 
the complement of 0*. 

It is to be noted that these conditions (+) on the functions f, g do not 
imply that a solution of (2) is determined uniquely by initial conditions, 
since nothing like a Lipschitz condition is assumed. 

Let the function K(6) be defined for 6 not in Q* by 


(12) K(0) = G(6) sin (6) + F(6) cos 6. 
Then, by (9), 
(13) J*(6) + K?(6) £0 for 6 not in O*. 


The functions F, G, J, K are periodic functions of period 27 (although 
they are considered to be undefined on 2*). Correspondingly, 2° and Q* 
are periodic sets of period 2z. 

Condition (+) is invariant under rotations of the (2, y)-plane about the 
origin and under changes of scale on the axes of 2, y, ft. 

Under the assumption (+), the following statements will be proved: 


(i) Jf T is a solution path (3) of (2) reaching the origin and satis- 
fying (6), then @, is either in Q* or in Q°; in the latter case (7) holds. 


( 
J 
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On the other hand, (6) does not imply (7) if 6 is in Q* (even when 
(z,y) = (0,0) is an isolated singular point of (2)). This will be proved 
by an example. 


(ii) Jf T is a solution path (3) of (2) reaching the origin and tf 
(6) does not hold, then T is a spiral, that 1s, 


(14) | 0(t)| 00 as tb. 


Hence lim @(¢), as t-—>b, always exists if oo or —oo is allowed as a 
limit. 

(iii) If J(6) changes sign at a point 66) of 0°, then (2) has at 
least one solution path (3) reaching the origin and satisfying (6). 


(iv) If J(@) assumes both positive and negative values, then every 
solution path (3) of (2) reaching the origin satisfies (6). 


The proofs of (i)-(iv) will depend on the methods of [7] and the results 
of [3]. 


3. Proof of (i). The functions (5) of ¢, where r—<2z(t), y=y/(t), 
satisfy the differential equations 
=g(rcos 6, rsin 6) sin f(rcos 86, rsin cos 6, 


(15) 


= 9(rcos 6, rsin 6) cos f(rcos@,rsin @) sin 0. 
If 6 is not near a point of 2*, then (15) can be written as 
(16) = K(0) +0(1), + 0(1) (r— 0). 


Let (4) and (6) hold for a 4) not in Q*. It will be shown that @ is 
in Q°. Suppose the contrary. Then J(@) =J(6(t)) exists and is not 0 
for ¢ near b. Hence & ~0, by (16), and so 6 can be introduced as an inde- 
pendent variable. Then r= r(@) is defined on some interval 06. —8= 0 < & 
or < — 5, where > 0, and satisfies 
(17) dr/d@ = r(K (0) + 0(1))/(J (6) + 0(1)) 
and r(@) as 0-4. But this is contradictory, since dr/d@ = O(r) 
implies that r(@) >0 cannot reach 0 for a finite value of 606. This 
proves that 6, is in 2° when it is not in *. 

It remains to show that when @ is in °, then (6) implies (7). There 


is no loss of generality in subjecting the (2, y)-plane to a rotation and then 
supposing that 6,0. Then, by (10) and (11), G(0) =0 and, by (9), 
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F(0) #0. Hence, by the uniformity of the limits (8), 2’/r—f/r~0 for 


¢ near b, and 
(18) =[g(reos 6, r sin 6)/r|/|f(r sin 8, r cos 6)/r] G(0)/F(0) = 0, 


as t-—>b. This proves (7) and completes the proof of (i). 

As to the remark following (i), let f(z,y) —=—a and let g(z,y) 
= — for 0<|y|S2*. Since (f) involves, in the 
main, conditions on g(2, y) along lines 6 = const., it is clear that the definition 
of this g can be extended to a circle x* + y? = Const. so as to satisfy (fT), 
where 6 = 0(mod 27) is the only point of Q*. But for any extension of g, 
(2) has the solution x = e-', y= e-** sine’. This solution reaches the origin 
(as t->oo) and satisfies (6), with 6,0, but (7) fails to hold. 


4. Proof of (iii). If 6 is near 6, then K(@) 0, hence the second 
equation in (16) can be divided by the first when r is sufficiently small. 
There results the differential equation 


(19) rd0/dr = (J (8) + 0(1))/(K(8) + 0(1)), 


where the right-hand side is a continuous functions of (17, @), say R(r, 6) 
(when 6 is near 6) and r= 0 is small). Furthermore, if 6 > 0 is sufficiently 
small, then R(r,@ +8) and R(r,6,—8) are of opposite sign for small r, 
and R(0,@) is not 0 on the interval |6—6,|<8 except at 0=—4@. 
Theorems (I), (II) in [3], p. 304, show that (19) has a solution @ = @(r), 
defined on an interval 0<rSe and satisfying 0(r) ~6@ as r>0. If 

=6(r), the first equation of (16) determines ¢ as a function of r. This 
function of ¢ is monotone with a non-vanishing derivative, and possesses 
therefore an inverse r= r(t) having a continuous derivative. The function 
6=—06(r(t)) satisfies the second equation of (16). Clearly, r(t), 0(r(t)) 
supply, by virtue of (5), a solution path (3) of (2) reaching the origin and 


satisfying (6). 


5. Proof of (iv). Suppose that (3) is a solution path of (2) which 
reaches the origin but fails to satisfy (6). Then, as tb, the function 
6 = 6(t) either has no finite cluster value or has at least one cluster value 
not in Q* (since 2* contains no intervals). Hence, in either case, Q* can 
be covered with a periodic, non-empty, open set ©, of period 27, with the 
properties that © consists of a finite number of intervals on a period, that 
J(@) ~0 for any @ which is an endpoint of such an interval, and that 6 = 0(t) 
is not in @ for certain ¢ arbitrarily near bD. 


REAL BINARY DIFFERENTIAL SYSTEMS. 121 


The set of points 6 not in ® can be divided into a finite number of 
periodic, pair-wise disjoint sets 3i,- - -, 3, where 3; is obtained by choosing 
a closed interval in the complement of ® and letting 3; contain this interval 
and all of its translations by 2m7, where n=0,+1,:°-. 

At least one of the sets 31,- - -, Xv, say 3, contains a sequence of points 
6 =6(tn), where tr < 5b, as NO. 

Suppose first that 6(¢) remains within one interval 7: 6: [0S @ of & 
| for all t near 6. Then (16) holds for all ¢ near 6. Also, 0(t) is bounded 

but has no limit, by assumption. Hence 6(¢) is not monotone. Consequently, 
#’(t) changes sign an infinity of times. Thus J contains a non-empty, finite 
set of points @ at each of which points the function J(@) changes sign, and 
there must exist at least one of these points, say 6 = 65, having the property 
that 0(¢”) for a sequence of ¢-values -- satisfying as 
n—>co. On the other hand, if J(6) 0, then 06(¢) =@ cannot hold for 
more than one ¢-value near 0, since (16) assures that 0(¢) has the same sign 
as J(6) if ¢ is sufficiently near 6. But these facts imply that (6) holds, 
which is a contradiction. 

Thus, in order to complete the proof of (iv), there remains to consider 
the case in which 0(¢,) is in & for a sequence of ¢-values ¢, which tend to b, 
but 6(¢) does not stay in one and the same interval J of & for all ¢ near 0b. 
Let & consist of the intervals 


In: 0; + 2n7 0, + where 


First, the case J(0.)J{0:) <0 is impossible. In order to see *:'s, 
suppose that J(@.) <0 and J(6,) >0. Then 6(¢) remains in one ana the 
same J, for large t, since 6’(¢) would become negative [or positive] if 0(¢) 
could assume the value 6, [or 6,] mod 2x. On the other hand, if J(6.) >0 
and J(6,) < 0, and if 6(¢) is not in an J, for some # near b, then it cannot 
enter an J, for larger values of ¢. 

Finally, the case J(@2)J(6,) >0O is impossible. For suppose that 
J(6.) >0 and J(6,) >0. Then, as ¢ increases to 6, 6(¢) can enter J, only 
by assuming the value 6, (mod 27), and then leave J, by attaining the value 
6. (mod 27). Hence passes successively through In, In 
particular, 6(¢) assumes, at least once, every value exceeding 0, + 2mz, where 
m is a fixed large integer. Since J(@) attains both positive and negative 
values, there must exist points 61, 6? not in Q* such that 61 < @ and 
J(6')J(0?) <0. Since 6(¢) passes (at least once) through each of the 
intervals 61 +- 2n7 [6 0? + for large n, this leads to the contra- 
diction obtained in the last paragraph. The case in which J(6,) <0 and 


J(0.) <0 is treated similarly. This proves (iv). 
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6. Proof of (ii). The assertion (ii) is a consequence of (iv) and its 
proof. Using the notation of the preceding proof, it is seen that if @(¢) 
has no infinite limit, then (for a suitable choice of @) the value of 0@(¢) 
must be in one of the sets 3;,- - -, yw, say in %, for an infinity of values of 
t near 6.. By the above considerations, 6(¢) cannot remain in one interval 
I, of &, nor can J(0:)J(@2) <0 hold. Hence J(6,)J(62) >0, and 6(t) 
enters successively In, Or In, Ina,- . Thus (ii) is proved. 


7. Consider (2) in the case 


(20) a’ =ar + By + f*(z, y), = yx + by + 9*(2,y), 
where 
(21) A= is non-singular 

7 


and f*, g* are continuous functions of (2, y) near (x, y) = (0,0) and satisfy 
(22) f* =o(r), g* =o(r), as P—2?+y*?> 0. 


In the analytic case, the discussion of (20) goes back to Poincaré, and in 
the non-analytic case to Bendixson [1] and Perron [4], [5]. 

After an affine transformation of the (x, y)-plane and a change of scale 
and direction on the t-axes, it can be supposed that A has one of the normal 


ew 


It is known that, in the cases (23,), (232), (233), condition (22) is sufficient 
to assure that, in some sense, the solution paths of (26) behave like those of 
the corresponding linear system, where f*==g*=0. For example, in the 
cases (23.), (23;) and (23,) with 6 < 0, a solution path —2(t), y= y(t) 
of (20), passing through a point (2, yo) sufficiently near (0,0), can be 
continued for all larger values of ¢, and all such continuations reach the origin 
as t>0; cf. [8], p. 816. In the case (23,) with §> 0, there exist some 
solution paths (3) of (20) reaching the origin as tf 00, but every sufficiently 
small circle C,: + y* < contains points (2%, y)) such that any solution 
path through (20, Yo) leaves the circle C, (for increasing as well as for 
decreasing ¢) ; cf. the proof of (II) in [3], p. 306. 

In the case (233), all solution paths [ reaching the origin are spirals, 
that is, they satisfy (14), where } oo; cf. (iib) in [8], p. 817. In the 


forms 
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case (23,) with 6 ——1, it is known that a solution path reaching the origin 
need not have a tangent there, since it can be a spiral (cf. [1], pp. 128-129 
or [8], p. 818), although this does not happen when f* =g*=0. The same 
choice of f*, g* as in the example just referred to shows that this phenomenon 
can occur in the case (23,) also. On the other hand, it cannot occur in the 
case § = — 1 of (23,) if f*, g* are subject to a certain condition more severe 
than (22); cf. [8], p. 823. 

There does not seem to be known any general theorem concerning the 
existence of tangents at the origin for solution paths of (20) in the case (23,) 
if 84 0,—1. (In this direction, cf. [6], pp. 209-210, for the analytic case; 
Satz 3, p. 129 and Satz 2, p. 271 in [5]; and Corollaries 3, 4 in [2], pp. 501- 
502.) Such a theorem can, however, be deduced from (i)-(iv), as follows: 


(a) In the case 840, —1 of (23,), every solution path of (20)-(22) 
reaching the origin has a tangent there, and the latter is the limit of tangents. 
Furthermore, every such solution is tangent to a solution path of the corre- 
sponding linear system (where f* =g9* =0), and conversely. 


In the case of a multiple elementary divisor, only a weaker statement 
holds: 


(b) In the case (232) of (20)-(22), every solution path reaching the 
origin either is tangent to the y-axis or satisfies (14). 


There are cases (232) of (20)-(22) realizing any of the following possi- 
bilities: All, some but not all, no solution paths reaching the origin are 
tangent to the y-axis there. 

For the case of a multiple characteristic number but simple elementary 
divisors, the statement to be made is entirely negative: 


(c) In the case §=—1 of (23,), a solution path (20)-(22) reaching 
the origin can satisfy any of seven possibilities compatible with 
(24) —o Slim inf 6(¢) Slim sup So. 
0 


8. Proof of (a). In any of the cases (23), the limits (8) exist uni- 
formly for all 6. In the case (23,), /(@) —=—cos6, G(6) —Ssin6 and 
J(0) = (8+ 1) cos 6sin 6, K (6) == — cos” 6 + Ssin? 6, hence (9) is satisfied. 
If § == — 1, then J(6) =0, and (f) does not hold. If —1, then the set 
° consists of the points nr/2, where n=0,+1,:--, and (f) is fulfilled. 
Since J(6) changes sign at every point 6 = 6, of 9°, the assertion (a) follows 
from (ii) and (iv). 
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Proof of (b). In the case (23.), /(6) = —cos 0, G(6) = cos 6 — sin 6 
and J(6) =cos*6, =1—sin@cos@. Hence (9) is satisfied, while 
J (0) =0 holds if and only if = (2n + 1)2/2 forn=0,+1,---. Thus 
(+) is fulfilled and (b) follows from (i) and (ii). 

The example in [5], pp. 128-129 or [8], p. 818, can be modified to prove 
the remark following (b). Let , 


f* =—rh(r)k(@) sin@ and g* —rh(r)k(6@) cos 6, 


where h(7), &(@) will be specified below. The function &(6) will be con- 
tinous and of period 2x. The function h(r) will be defined and continuous 
for small r > 0 and will satisfy h(r) 0, so that (22) holds. In polar 
coordinates, the system (20) becomes 


(25) ” == —r(1 — 26), = cos? 6 + h(r)k(6). 


When h(r) =0, so that f* =g* =0, all solution paths of (20) reach the 
origin (as t+) in the case (23,) and are tangent to the y-axis at the 
origin. 

Let h(r) =|logr|-? and &(@) =1. Then and Zh/(r). 
Hence there exist two positive constants satisfying r<const.e* and 
6’(t) = Const. t* for any solution passing through a point (19, 4) (0, 0). 
Thus, in this case, every solution path reaches the origin (as t—>o) and is 
a spiral. 

Let h(r) =| logr|-? and &(6) =|cos@|4=0. Then (25) has the 
solution =e‘ and §==4r, which reaches the origin and is tangent to the 
y-axis there. It remains to show that (25) also has spiral solutions reaching 
the origin. To this end, notice that a point (1,6.), where rm) >0 and 
(2n—1)2/2 (2n-+1)2/2, determines (locally) a unique solution 
r—=r(t), 6=6(t), which reduces to 7, 6) for a given value of ¢=¢. For 
this solution, @(¢) is non-decreasing and attains the value (2n + 1)2/2 for 
a finite {= ¢,(>%)) (with r(¢,) >0). In fact, S — hence 
-t) = r(t) and jh(r)k(0) = | cos @ log |. 
Since the differential equation 6 = | cos 6 |*/| log (roe'-*)| has a solution 
which, for ¢ = to, has the value 6) and, for some finite ¢* (> ¢,), assumes the 
value (2n 1)2/2, it follows that = (2n-+ 1)z/2 for some ¢,, where 
to < t, < ¢t*. These considerations show that some, but not all, solutions of 
(25) reaching the origin are tangent to the y-axis there. 


Proof of (c). Let f*——rh(r) sin@ and g* —rh(r) cos 6, where 
h(r) is defined and continuous for r > 0 and satisfies h(r) +0 as r—0. 
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In the case 8=—1 of (23,), introduction of polar coordinates into 
(20) gives =—r and #&=—h(r). This system has the solution 


t 
6 = f h(e“)du, which, since r > 0 as is a solution path reaching 


the origin. On the other hand, it is clear that h can be chosen so as to 
realize any of the seven possibilities in (24). This proves (c). 


Appendix. 


A classical general statement on (20)-(22), where the continuous func- 
tions f*, g* are arbitrary, is that there exist in general solution paths = z(t), 
y = y(t) which tend to the origin either as {->0o or as t->—o, the only 
possible exception being the case in which A has a pair of purely imaginary 
characteristic numbers. Thus it is natural to inquire into conditions under 
which a system (2), or more generally a system 


(25) = f(t, 2), 


where x and f are vectors with n real components, will not possess any solution 
a(t) satisfying x(t) +0 when either or t—>—o, without being 
identically 0 from a certain {= #) onward (that is, for f;St<o or 
—o <t<=t, in the respective cases). 

It is easy to see that a sufficient condition for this situation is that 
f(t,z) be continuous on the (¢, x)-space and that there exists for small s > 0 
a positive, continuous function ¢(s) satisfying 


(26) f ds/p(s) << 
and 
(27) = > 0, where 


(the dot denotes scalar multiplication). 

In order to prove this criterion, suppose that it is false. Then it can 
be assumed that there exists on a half-line ¢; = ¢<o a solution satisfying 
as to. Put, along this solution, Then (25) 
shows that s = s(t) has the derivative s’ = 2x-f. It follows therefore from 
(27) that s(¢) is a monotone function. Consequently, if u is sufficiently large 
and v is greater than u, then 


v 


(28) fl = fat 


| 
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In view of (26), this leads to a contradiction as v 00, since, by assumption, 
s(t) as 0. 
It is clear from this proof that (27) can be generalized to 


(29) | x-f(t,r)| =¥(| t|)o(s) (s=2-2), 


where ¢$(s) satisfies the same conditions as above and y(t), —o<t<o, 
is any positive continuous function of ¢ satisfying 


(30) f y(t) dt =o. 


This criterion is the dual of a result of [9], pp. 557-558, which concerns 
itself with the situation in which every (instead of no) solution vector x = 2(t) 
of (25) is asymptotic to the point z = 0. 
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ON THE CURVATURES OF A SURFACE.* 


By PHittp HARTMAN and AUREL WINTNER. 


1. The smoothness of H and K. A point set § in the (2, y, 2)-space 
is said to be a (small piece of a) surface of class C", where n = 1, if it is the 
locus of the endpoints of a vector function ¥ = X(u,v) with three com- 
ponents which is defined on a two-dimensional (u, v)-domain, possesses con- 
tinuous partial derivatives of n-th order, and is such that the vector product 
(X,, Xy) of the first order derivatives does not vanish. If S is a surface of 
class C', then, after a suitable choice of the coordinate axes, S can be repre- 
sented as the locus of the endpoints of Y = (2, y, z(x,y) ), where z= y) 
is a function of class C* on some (z,y)-domain. The function z= z(z, y) 
is of class C” if and only if the surface S is of class C”. 

The first part of this paper will be concerned with relationships between 
assumptions of smoothness (that is, degree of differentiability) for a surface 
S: X=X(u,v) and for its curvatures, either its Gaussian curvature 
K =K(u,v) or its mean curvature H—H(u,v). These curvatures are 
defined when S: XY =X(u,v) is of class C", where n= 2, and their defi- 
nitions show that H(u,v) and K(u,v) are then of class C™*. Standard 
theorems in the theory of elliptic differential equations lead to partial con- 
verses of this statement. 


(i) If S is a surface having a parametric representation X = X(u, v) 
of class C", where n= 2, and if its mean curvature H(u,v) is of class C* 
(in u,v), then S is of class C"** (that is, has some parametric representation 
of class C***). 


If (i) were not a partial converse, but a complete converse, of the facts 
mentioned above, then the assumption that H is of class C" could be replaced 
by the assumption that H is of class C"-*. Such a strengthened form of (i), 
however, is false; cf. (I**) below. 

An analogue of (i), in which H is replaced by K, is true if K >0: 


(ii) Jf S is a surface having a parametric representation X = X (u, v) 
of class C", where n > 2, and if its Gaussian curvature K (u,v) 1s positive 
and of class C” (in u,v), then S is of class C"*?, 


* Received March 31, 1952. 
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This theorem becomes false if the assumption that K is of class C” is 
replaced by the assumption that K is of class C""*; cf. (1**) below. Clearly, 
(ii) involves two complications not occurring in (i). First, there is in (i1) 
only the natural restriction on n, namely, n = 2, while in (ii) it is assumed 
that n > 2. It will remain an open question whether or not (ii) remains 
true for n= 2. Second, (ii) involves the restriction K >0. Clearly, (ii) 
is false without this restriction, even in the case K —const., say K =0 or 
K=—1. 

A theorem which meets the first objection raised to (i) and (ii) is as 


follows: 


(1) Let S be a surface having a parametric representation S: X = X(u, v) 
of class C" with the properties that (a) n>2; (B) the Gaussian curvature 
K (u,v) is of class C™ (in u,v); (y) the mean curvature H(u,v) ts of 
class C" (in u,v); (8) S has no umbilical points, that is, H? > K. Then 


S is of class C™', 


It will remain undecided whether or not this theorem is true if (a) is 
replaced by n = 2. 

The answer is in the affirmative in the particular case of a constant 
Gaussian or a constant mean curvature. This follows from (i) for the case 
of a constant mean curvature. For the case of a Gaussian curvature, the 


claim is as follows: 

(I*) The assertion of (1) remains true tf (a) and (B) are replaced 
by (a*) n= 2 and the Gaussian curvature K (u, v) = K, ts a constant, 
respectively. 

While the situation remains problematic for n= 2 in the case of an 
arbitrary K(u,v), the assertion of (1) is of a final nature in the following 


sense 


(1**) The assertion (1) is false if any one of the assumptions (B), 
(y), (8) ts omitted (whether n > 2 or n=2). 


2. Remark on a theorem of Scherrer. The following remark concerns 
Theorem 2, p. 379, of Scherrer’s paper [8]. This theorem states that a 


surface is determined by the assignment of a first fundamental form, of a 


mean curvature and of an arbitrary strip. 

The interpretation of this statement depends on whether the “ deter- 
mined ” (bestimmt) be meant in the sense of the existence of at most one or 
of at least one surface. In regard to the first interpretation (uniqueness), 
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it may be worth referring to Bonnet’s surfaces (cf. [1], p. 449), those 
possessing non-trivial isometric deformations which preserve the mean curva- 
ture (this class includes all surfaces of constant mean curvature). It would 
remain to discuss whether two distinct Bonnet surfaces can belong to the 


same initial strip. 

What concerns the second interpretation (existence), the trouble is that 
there are no general existence theorems for solutions of Scherrer’s system 
of partial differential equations, even when the data are analytic.1 In order 
to see this, note that the first fundamental form determines the Gaussian 
curvature K(u,v). But H(u,v) and K(u,v) must satisfy H? = K, an 
inequality which is satisfied on every surface of class C? but is not mentioned 
in the theorem. That the omission of this inequality is not the only trouble 
is shown by the following counter-example: It is well known (and can be 
concluded from the formula of Rodrigues) that if a surface has a constant 
Gaussian curvature, say Ky, and a constant mean curvature, say Ho, then the 
surface must be part of a sphere, a plane or a circular cylinder according as 
H,? = Ky > 0, H,? = Ky =0 or H,? > Ky =0. In particular, a minimum 
surface (H, 0) cannot have a constant Gaussian curvature Ky <0. Since 
the constants satisfy the above-mentioned necessary con- 
dition H*(u,v) = K(u,v), it follows that if two given analytic functions 
H, K of (u,v) satisfy this condition, then there need not exist any surface 
of class C? on which H becomes the mean curvature and K the Gaussian 


curvature. 


3. Proof of (i) and (ii). Let X =X(u,v) be a parametric repre- 
sentation of class 0” of the surface S, and let X (uo, vo) be a given point of S. 
it can be supposed that the coordinate system XY = (z, y,z) has been chosen 
so that X(t, uo) = (0,0,0) and that the unit normal vector at X (uo, vo) 
is N(uo, vo) = (0,0,1). The last condition implies that the Jacobian 
I(x, y)/0(u, v) does not vanish at (u,v) = (Uo, Vo). Hence, S can be repre- 
sented in the form z = z(a, y), where z(z, y) is of class C” in a neighborhood 
of (x,y) = (0,0). If the mean or Gaussian curvature, H or K, is of class C" 
in the parameters (u,v), then it is of class C” in the parameters (2, y) also. 
In fact, the transformation (u,v) — (2, y) is of class C" with non-vanishing 
Jacobian, while H (up to a factor +1) and K are independent of the choice 


of parameters. 


1 A corresponding remark seems to hold for Scherrer’s Theorem 1 (loc. cit., p. 377). 
On the other hand, Scherrer’s Theorem 3 (loc. cit., p. 380) is surely correct (if K #0), 
but well-known without his apparatus; ef. Weingarten’s classical partial differential 
expression ([1], p. 137) for the sum of the principal curvatures. 
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Thus there is no loss of generality in assuming in (i) or (ii) that the 
given parametric representation of S is of the form X = (2, y,z(z,y)), 
where z(z, y) is of class C", and H = H(2,y) or K = K(z, y) is of class C”. 
In this parametric representation, the function z satisfies the partial differ- 


ential equations 


(1) (1 + q’)r— 2pgqs + (1 + p?)t—2(1 + p’? + —0 
and 
(2) rt (1+ + =0, 


where p = Zz, = Zy, 1 = 272, = zy, t = 

Ad (i). Fora given function H = H(z, y), the equation (1) is a partial 
differential equation for z, say $(2,y, 2, p,q,7,8,t) =0, and is of elliptic 
type, that is, 4¢,¢;— $s” > 0. Furthermore, it is linear in the second order 
derivatives r, s, t, that is, it is of the form ¢—Ar-+ Bs + Ct + D, where 
A, B, C, D are functions of (z, y,z, p,q). When H = H(z, y) is of class C" 
with n = 2, these coefficient functions are of class C”. It follows therefore 
from considerations of Lichtenstein [5] that any solution z—2z(a,y) of 
class C? is of class O"*?; ef. [5], pp. 918-936, in particular, pp. 935-936. 
(Actually, the assumption that H is of class C" can be weakened to the 
assumption that H is of class C"-* and that its derivatives of order n-—1 
satisfy a uniform Holder condition.) 

Ad (ii). For a given positive K —K(z,y), the partial differential 
equation (2) for z, say y, 2, p, 9,7, 8, t) = 0, is of elliptic type. When 
K = K(z,y) is of class C” with n > 2, then ¢ is of class C” in the variables 
(x, y, 2, p,9,7,8,¢). It follows therefore from the above-mentioned result of 
Lichtenstein that if a solution z= 2z(z,y) of (2) is of class C”, then it is of 
class C"*1; cf. [6], pp. 89-90. 

The difference between the hypotheses, n = 2 and n > 2, in (1) and (ii) 
results from the fact that (1) is, but (2) is not, linear in r,s, ¢. The theorem 
on a non-linear equation ¢@ = 0 is reduced to one dealing with a linear equation 
by differentiating ¢ 0 with respect to « (or y) and introducing the new 
dependent variable =z, (or £=<%,). 


4. Proof of (1). As in the last section, it can be supposed that the 
given parametric representation of S is X = (2, y,z(z,y)), where y) is 
of class in a neighborhood of (2, y) = (0,0); that that the 
curvatures H and K are of class C"*; and that H? > K. It can also be 
supposed that 


z(x,y) =4( rox? + toy?) + 0(z? + y?) as (x,y) > (0,0), 
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that is, that z and the partial derivatives p, g, s vanish at (2, y) = (0,0); 
the partial derivatives r, ¢ have the values ro, t) at (z,y) = (0,0). These 
normalizations imply that H(0,0) =4(7 + t)) and K(0,0) = by (1) 
and (2) respectively; so that H?(0,0) —K(0,0) = (%—t.)?/4. Since 
(x, y) = (0,0) is not an umbilical point of S, it follows that 

(3) — to 0. 


Since z is of class C", where n = 3, the equation (1) can be differentiated 
with respect to 7; the result can be written in the form 


(4) (1 + 9?) ro 2pgse + (1+ 


where f; is a function of class C™? (since p, q, H are of class C"*). 
Differentiation of (1) with respect to y gives 


(5) (1 + 9°) ty — 2pgqsy + (1 + p*) ty = y). 
Similarly, differentiations of (2) lead to 
(6) rat —2ssz + rte = fe (2, 5 (7) ryt — 2ssy + rty = fs. 


As in the case of f;, the functions f., fs, fg are of class C"-. The derivatives 
r, s, t satisfy the integrability conditions 


(8) Ty — = 0; (9) Sy — tz = 0. 


The six equations (4)-(9) form a linear system of equations for the 
six unknowns fz, Sz, tz, Ty, Sy, ty. The matrix of coefficients is 


0 0 0 
t — 2s r 0 0 0 
0 0 0 t —- 2s T 
0 | 0 1 0 0 
0 0 1 


It is easily verified that at the point (x,y) = (0,0), where p=q=s—0 
and t= to, the determinant of this matrix is which is 
not 0 by virtue of (3). By continuity, the determinant does not vanish near 
(x,y) = (0,0). Hence, for (z, y) near (0,0), the equations (4)-(9) can be 


solved for the six functions r,, -, in terms of p, q, r, s, t and f,, fo,fs, fs. 
It follows therefore from the formula for the solution of a system of linear 
equations of non-vanishing determinant that r,,s,,---,t, are of class C”? 


(since p, q, 7, 8, t; fi, fo, fs, fs are). But this means that z(z, y) is of class 
C*1 in a neighborhood of (0,0). This proves (I). 
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5. Proof of (1*). The proof of (1*) in the three cases Ky > 0, Ky < 0, 
(> =0 is quite different. 

Ad K,>0. It has recently been shown ([9], p. 366) that if S: 
z= z(x,y) is of class C? and has a constant positive Gaussian curvature, then 
z== z(x,y) is analytic. This implies (I*) for the case K, > 0. 

Ad Kyo <0. Let S: z=2z(z,y) be of class C? in a neighborhood of 
(x,y) = (0,0), and let S have a constant negative Gaussian curvature Ko, 


say Ky —=—1. Then there exists ([4], pp. 157-161) a transformation 
e=a2r(u,v), y=y(u,v) of class C*, with non-vanishing Jacobian, which 
leads to a parametric representation XY — X(u,v) of S with the properties 


that X(u,v) is of class C1, the parametric lines w=—const. and v = Const. 
are asymptotic curves, and the squared line element is of the Tchebychef form, 


(10) ds? =| dX |? = du? + 2 cos ¢ dudv + where ¢ = $(u, v) 


is continuous and satisfies 0 << ¢(u,v) 


Since X(u,v) is of class C? only, the standard formulae hi, = Xi,-N 
(where Xi, —=0°X /dutdu*, (ut, u?) = (u,v), and the period denotes scalar 
multiplication), defining the elements of the second fundamental matrix, are 
not applicable. However, since the normal WN is of class C* with respect to 
(x,y), it is of class C* with respect to (u,v) also. Hence the elements 
of the second fundamental matrix can be calculated from the formulae 
hix = — X;,- Nx. (This leads to the same result as the calculation of hi. (u, v) 
from the second fundamental matrix in the parameters (x,y) by means of 
the usual transformation rule). The fact that u— const. and v = Const. 
are asymptotic lines means that h,,; =ho.=0. Since the Gaussian curvature 
is det hi,/det gi, = — 1, it follows from (10) that = sin? ¢ or h,. —esin ¢, 
where «= + 1 is independent of (u,v). 

Consequently, the mean curvature H = H(u,v) is —ecos ¢/sin ¢, where 
sing@=+0. The assumption of (I*) concerning H, in the case n = 2, is that 
H is of class C* (with respect to (x,y), hence with respect to (u,v)). But 
this means that ¢ = ¢(u, v) is of class C*. Consequently, Theorem (iii) in 
[4], p. 163, implies that S: z= z(x,y) is of class C*. This proves (f*) in 
the case Ky, < 0. 

Ad K,=0. Let S: z=2z(az,y) be of class C? in a neighborhood of 
(x, y) = (0,0) and let § have the constant Gaussian curvature Ky, 0. On 
assuming that (7, y) = (0,0) is not an umbilical point, it can be supposed 
that 


(11) a(x, y) = + + y’), as (x,y) (0,0), 
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and that 

(12) ty ~0. 

Then 

(13) q = %(2,Y) 


defines a transformation (x,y) (2,q) of class with non-vanishing 
Jacobian 0(z,q)/0(z,y) at (x,y) =(0,0). (The point (x,y) = (0,0) 
corresponds to (z,q) = (0,0), by (11).) 

The inverse transformation z=2, y=y(z,q) of (13) is of class C? 
and leads to a parametric representation X = X (x; q) of S, with the properties 
that X (x; q) is of class C1 in a vicinity of (7, q) = (0,0) and that g = const. 
is an asymptotic line along which p= <z,(z, y) is a constant, say p=f(q); 
cf. [3], p. 770. Clearly, f(q) is of class C1? for small | q |. 

The asymptotic line, g = const., is a straight line, which is the inter- 
section of planes having equations of the form 


f(q)2 + qy—%z#—=a(q), (‘= d/dq), 


where a = a(q) is of class C+ for small | q |; cf. [3], p. 770. These equations 
show that X = X(z;q) is given by 
(14) 
(f(9) — af (9) — — 
for small x? + q?; cf. [4], pp. 169-170. 
The vector function X(z,q) is of class C'; so that, since y = y(2, q) 
=—f’(q)e+a’(q), the functions a(q) and f(q) have continuous second 


derivatives for small | q |. 
The relation p(= zz) =f(q) shows that 


(15) s—f’(q)t and 
Hence, by (1), 
{(1 + 9°) f? — + (1+ p?)}t— 2H (1+ + = 0. 


At (x,y) = (0,0) the coefficient {- - -} of ¢ is f+ 140; hence the last 
equation can be solved for ¢ and shows that ¢ is of class C1 (since p, g, H and 
f’ are). Thus, by (15), r and s are also of class C’. Since this means that 
z(x,y) is of class C*, the proof of (I*) is complete. 


Remark. The derivation of (14) and the arguments in [4], pp. 170- 
171, imply the last part of the following theorem: 
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(+) If S is a surface of class C* with Gaussian curvature K =0 and 
having no flat points, then every sufficiently small piece of S possesses a C'- 
parametrization of the form 


(16) X (u,v) =A(u)v+ Blu), (A(u) ~0), 
where A(u), B(u) are vector functions of class C* satisfying 
(17) det (A, A’, B’) =0, (’=d/du). 


No parametrization of the form (16)-(17) can be of class C? unless 8 1s of 
class 

The first part of this assertion is (xiv) in [4], pp. 168-169. The last 
part is an improvement of (xv), p. 169. 


6. Proof of (1**). It will be shown that if (a) in (1) is replaced by 
n = 2, then the assertion of (1) becomes false if any one of the remaining 
conditions, (8), (y) or (8), is omitted. It will be clear from the proof 
that analogous arguments are applicable when condition (a), where n+ 2, 
is retained. 

Omission of (B); n=2. Let = €(2,y) be of class C* on the circle 


a? + y? = 1 and of class C? on the punctured circle 0 << #2 + y?S1. Then 
every solution z= 2z(z,y) of the Poisson equation 


(18) r+i=€(z,y) 


is of class C? on x? + y? <1 and of class C* on 0<2?+y?< 1. Let it 
be granted for a moment that a function {(z,y) can be chosen possessing the 
smoothness properties specified and having the additional properties that one 
(hence every) solution z of (18) is not of class C* in a neighborhood of (0,0), 
but that the six third order partial derivatives of z (which exist for (2, y) 
distinct from, but near, (0,0)) satisfy the estimate 


(19) * ty = O(| log(x? + y?)|), as (2, y) > (0,0). 

Consider the surface S: z=2z(2,y), where z is a solution of (18) 
satisfying 
(20) p(0,0) =q(0,0) =0. 


This surface is of class C?. Its mean curvature H = H(z, y) is given by 


(21) 2H (1+ p?+ = (2, y) + — 2pgs + 
ef. (1) and (18). Clearly, H is of class for 0 << y?< 1. Actually, 
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(19) and (20) imply that the first order partial derivatives of H exist, 
vanish, and are continuous at (x, y) = (0,0), since p and q are O(a? + y’)! 
as (2, y) (0,0). Hence condition of (1) is fulfilled. 

The function z= z(z,y) can be replaced by z(2, y) + ax? + Day + cy’, 
without violating (y). Hence it can be supposed that (8) is satisfied, that is, 
that (x,y) = (0,0) is not an umbilical point (and, therefore, that no point 
near (0,0) is umbilical). 

Since z= 2z(z,y) is not of class C*, it follows that the assertion of 
(I) can become false when (f) is omitted (in the case n = 2), if the existence 
of a function (x,y) with the desired properties is granted. The existence 
of such a function will be verified in Section 7 below. 


Omission of (y); n=2. That (1) is false for n= 2 if condition (y) 
is omitted, follows either from the fact that there exist torses (K =0) 
having no flat point which are of class C? but not of class C*, or from the 
fact that there exist pseudo-spheres (K ==—1) which are of class C? but 
not of class C* (cf. [2], Part 1). 


Omission of (8); n=2. Let €=—€(2,y) be the function occurring 
above in connection with (18). Let z—2z(a,y) be a solution of (18) 
satisfying (20). Finally, let the constants a, b, ¢ be chosen so that 
Z(x,y) =2(2,y) + av? + bry + cy? satisfies 


(22) Lan = Ley Lyy = 0 at (x, (0, 0). 


The surface S: z=Z(z,y) is of class C? but not of class C*. By the 
argument following (21), the mean curvature H = H(z, y) of 8 is of class 
C+; so that (y) holds. The Gaussian curvatures K = K(z,y) is of class C* 
for 0< 2? +y? <1. It also follows from (2) and (19), where p, gq, 7, s, t 
represent the partial derivatives of Z, that the first order partial derivatives 
of K exist, vanish, and are continuous at (2, y) = (0,0) (in fact, (19) and 
(22) imply that r,s,¢ are O( (a? + y?)4 | log(2* + y?)|) as 2? + y?-0). 

This proves that when condition (8) is omitted, (I) becomes false (in 
the case n= 2), if the existence of a function {(z,y) with the desired 
properties is granted. 

It may be mentioned that this example can be modified so as to make 
K positive. Such an example results by putting z=Z(z,y) +4(2*+y’). 
The mean curvature H of this surface is of class C1 (cf. the paragraph 
following (21)). The Gaussian curvature is 1 + Zz. + Zy, + K(x, y), where 
K is the Gaussian curvature of z=Z. Since Zz,-+Zy, is of class C1, the 
Gaussian curvature of z=Z-+ 4(2?-+ y?) is of class 


> 
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7. The existence of £(z,y). The proof of (1**) will be complete if it 
is shown that there exists a function {(2, y) defined on the circle x? + y?=1 
such that the solutions of the Poisson equation (18) have the properties 
enumerated after (18). To this end, first consider Petrini’s example ([7], 
p. 138) of a Poisson equation, 


(23) Ure Uy = (2, y) 
with (0,0) —0 and 


w(a,y) = (a? + y?) 


log (x? + y’)|} if 2? + A0, 


which equation has no solution (of class C?) although » is continuous. Actually, 


the logarithmic potential 


is of class C1 on 2? + y? < 1, of class C? (in fact, analytic) on 0 << 2? + y? <1, 
and satisfies (23) there, but neither of the partial derivatives Uz2, Uyy exists 
at (z,y) = (0,0). 


It should be mentioned, for later reference, that 
(25) uz(0,y) =0 for —1<y<l, 


since (24) is an even function of z. 
It will be shown that the second order partial derivatives of (24) satisfy 


(26) Ure, Urys Uyy = O(| log(x? + y?)|) as (x,y) (0,0). 


If (x,y) ~ (0,0) and if R= R(z,y) >0 is sufficiently small and fixed, 
then uzz(z,y) is the sum of J) = zw(z, y), 


2r 


R 
I,=lim | cos 20 cf w(x + pcos 6, y + psin 0) p*dp}do 
h 


h-0 
0 


and 


0&0) + (9 —9)* 
D 


where D is the region bounded by + 7? 1 and (— 2)? + (y—y)? =F’; 
ef. [7], pp. 182-134. 


é 
| 

| | 


gon 
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Clearly, as (2,y)— (0,0). Let R be fixed and let 
a? + y? = (2R)?. Since is bounded, 


0( ff (sin® 6) — 0(| 10g |), 


so that I, O(| log(2? + y?) 
value of J, is not affected if w(x+pcosé,y+psin@) is replaced by 
+ pcos 6,y + psind) —o(a,y). For0 CASK, 0506S 2z, the latter 


difference is majorized by const. p times the maximum of 
| y) | + | Ow(a, y)/dy| for 12e+yZ PR’. 


Hence, for 2? + y? = (2h)?,0 <<hSpSR, the definition of » implies that 


). In order to appraise J,, note that the 


| o(z + pcos 6, y + psin @) — (2, y)| S O(pR+ | log |). 


Consequently, J, = O(| log R |) = O(| log(z? + y?)|). This proves the esti- 
mate (26) for ws, The estimates for u,, and uy, are proved similarly. 
Define {(z,y) by the relation 


(27) f(a, y) w(t, y) dt. 


0 


It will be shown that £(z,y) is a function having the properties specified 
in connection with (18). First, £(z, y) is of class C* for all (z,y). In fact, 
2 
while = 22 f out y)dt,and it is readily verified from the 
definition of » that the last integral exists (as a Riemann integral) and is a 
continuous function of (2, y), even at (x,y) = (0,0). It is also clear from 
(27) that {(2, y) is of class C? (in fact, analytic) for x? -+ y? > 0. 

All solutions z= z(x,y) of the Poisson equation (18) are, therefore, 
of class OC? on x? + y? < 1 and of class C* on 0< 2?+y? <1. It remains 
to show that z(z,y) is not of class C* in a neighborhood of (7, y) = (0,0), 
and that the third order partial derivatives of z satisfy (19). Since the 
solutions of (18) differ only in (additive) harmonic functions, it is sufficient 
to verify this for a particular solution of (18). 

To this end, put 

(28) 2(2,y) = f u(t, y)dt, 


0 


D 
= 
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where u(z,y) is defined by (24). The function (28) has the first order 


partial derivatives z, =u, a—{ uy(t, y)dt, since u(x,y) is of class Ct. 
0 
It also has the second order partial derivatives 


= Un, Say Uy for 2? me 1, 

(29) 

0 


Since wu is of class C? and satisfies (22) for 0 < x2? + y? <1, it follows that 


= f w(t, yat— Ure (2, y) dt, hence Zyy (2, y) y) — Ug (2, y) 
0 0 


+ uz(0,y), for z?+y? <landy0. By (25), this becomes 
(30) (2, y) = y) —Ue(z,y) for + y? <1 and y 0. 


In view of the continuity of the right side of (30) (even for yO), the 
function z has for x* + y? < 1 the continuous second partial derivative Zyy, 
given by (30). Thus, by (29) and (30), the function (28) is of class C? for 
x? + y? <1 and satisfies (18). 

Since uz, and uy, fail to exist at (x,y) = (0,0), the derivatives Zz22, 
Zryy do not exist at (z,y) = (0,0). Hence z(z,y) is not of class C* near 
(x, y) = (0,0). However, it is of class C* (even analytic) for 0 << x? + y? < 1, 
since it is a solution of (18). 

Finally, the third order partial derivatives of z, that is, 


== Use, 82 = Ugy, ty == Uyy, Ty = Ucy, Sy == Uy, and ty, — Usy, 


satisfy (19) by virtue of (26). This completes the proof of the existence of 
the function ¢(z,y) granted in the last section. 


8. Smoothness of the second fundamental form. It is indicated by (1) 
that, under certain general assumptions, an unexpected smoothness of the 
coefficients hi, of the second fundamental form 


(31) — dX -dN =hiydu‘du*, where (u', u?) = (u,v), 
cannot occur. The following theorem is in the same direction. 


(II) Jf 8 is a surface having a parametric representation X =: X(u, v) of 


‘ 
| 
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class C", for some n= 2, with the property that the coefficients hi, = hix(u, v) 
in (31) are of class C"-*, then S ts of class C"**. 


This theorem is implied by (1) only if n > 2 and if § has no umbilical 
points. 


Remark. It will be clear from the proof of Corollary 1 below that (II) 
remains true if only the two functions hy, hee (rather than, as in the above 
wording, all three functions hiz = are assumed to be of class 


Corottary 1. If 8 is a surface having a parametric representation 
X =X(u,v) of class C", n= 2, for which hy, (1.¢., u = const. 
and v = Const. are asymptotic lines), then S is of class C"*, 


This is known if the Gaussian curvature K is a negative constant ([4], 
Theorem (viii), p. 163), or more generally when K(u,v) (< 0) is of class C1 
([2], p. 223). It completes Theorem (v) in [4], p. 156. 

The assertion of Corollary 1 becomes false if the asymptotic lines of S 
are replaced by the lines of curvature. In order to see this, it is sufficient 
to consider a surface of revolution in terms of its parameters (u,v), where wv 
is the are length on a meridian v = const. and the latter is a curve which 
is of class C” but not of class C"**.. Such a surface of revolution is of class C” 
in (u,v), has no parametrization of class C"**, and u = const., v = Const. are 
its lines of curvature, if it has no umbilical points. 

What corresponds to Corollary 1 in case of. lines of curvature is con- 
tained in the following assertion : 


Corottary 2. Jf S is a surface having a parametric representation 
X=X(u,v) of class C", n= 2, for which hiz=0 (e.9., u=const. and 
v = Const. are lines of curvature) and for which either the mean curvature 
H(u,v) is of class C™* or the Gaussian curvature K(u,v) 1s of class C+ 
and does not vanish, then S is of class C"*?. 


The proof of (II) has been given for a particular case in [4], p. 163. 


Proof of (11). Since X(u, v) is of class C", where n = 2, the Weingarten 
derivation formulae for the partial derivatives VN, = Ny, N. = WN, of the unit 
normal vector are valid, 

(32) Ni =— hij Xx, 


where (g/*) is the inverse matrix of the matrix of coefficients of the first 
fundamental form 


(33) AX - dX = gizduidu*. 
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It is clear from (33) that the functions gyx,—gix(u,v) are of class C"™* 
(since X is of class (”). Hence, by (32), N, and Nz are of class C"*; 
that is, VN = N (u,v) is of class 

Let (Uo, Vo) be a point of S, and suppose that N (uo, vo) = (0, 0,1) ; 
so that d(x, y)/0(u,v) AO at (uo, vo), if (a y,2) =X —X(u,v). Thus 
the transformation (u,v) — (zx, y) is of class C" with non-vanishing Jacobian 
at (uo, Vo). The inverse transformation leads to the Cartesian form z = 2(z, y) 
for 8S. Hence z(z,y) is of class C”. 

Since N(u,v) is of class C” and, up to a factor + 1, is independent of 
the parameters, it follows that NV is of class C” as a function of (z,y). But 
N = + (22; %, —1)/(1 + + consequently, zz and 2, are of class 
which means that z is of class C"**. This proves (II). 

The proofs of Corollaries 1 and 2 will depend on the circumstance that 
the equations of Codazzi, in an integrated form, are valid on surfaces of 
class C? ([3], pp. 759-760). These equations are 


(34) — I, dudv (ju), 
J D 


where it is assumed that X(u,v) is of class C? on a simply connected (u, v)- 
domain, J is a Jordan curve which is piece-wise of class C', D is the interior 
of J, I; denotes and Tt, are the Christoffel 
symbols of the second kind. The latter are of class C™? if X is of class C”. 


Proof of Corollary 1. When = he. =0, the equations (34) become 


(35) f — 


(36) f hiodu = (f I,dudv 
J 


respectively. Let J be chosen to be the positively oriented rectangle with the 
vertices (u,v), (u+Au,v), (u+Au,v+ Av), (u,v+ Av). On dividing 
(35) by Av-—> 0, it is seen that 
uthu 
hio(u + Au, v) — his (u,v) = I, du. 

It follows that 0h12/du exists and is of class C™-*. Similarly, it follows from 
(36) that 0h,2/dv exists and is of class C"-*. Hence fy» is of class (", and 
Corollary 1 follows from (II). 


ers 
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Proof of Corollary 2. Arguing as in the last proof, it is seen that when 
hi2 = 0, the equations (34) imply that 0h1:/0v, Oho2/du exist and are of 
class 


On the other hand, the definitions of H and K show that 


912”). 


If H is of class OC", it follows from g2..~0 that 0h,,/du exists and is of 
class C"-?. Similarly, if K is not 0 and is of class C+, then hes is not 0 
and 0h;,/du exists and is of class C"-?. In either case, hy, is of class C". 
Thus hs. is of class C"* and Corollary 2 follows from (II). 


+ = 2H (911922 912”) and = K (911922 
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ENVELOPES AND DISCRIMINANT CURVES.* 


By Puitie Hartman and AUREL WINTNER. 


1. Moigno’s edition of Cauchy’s lectures contains a passage concerning 
the possible existence of an envelope for the solution curves of a real differ- 
ential equation 


(1) y =f (2,9), 


where f is single-valued and continuous. The passage in question ([{1], pp. 
445-451) is quite obscure; both the formulation and the proof of the criterion 
are far from the standards of Cauchy’s customary precision. This may be a 
reason why Cauchy’s criterion seems to have been neglected. Actually, it can 
easily be put into a modern form, which is the content of (i) below. 

Another reason for the neglect afforded to Cauchy’s envelope criterion 
seems to be the circumstance that his remarks refer to a “ solved ” differential 


equation (1), whereas it is the “ unsolved ” form, 


(2) =0, 


which usually leads to envelopes in the applications; for instance, if F is a 
polynomial (of degree n>1) in y’. Actually, the latter situation can be 
reduced to the former by an application of the following principle: 

Suppose that, when (z,y) is confined to a sufficiently small domain, the 
algebraic equation (2), the coefficients of which are given continuous functions 
of (x,y), has a certain number of real roots, say y’ =fx(z,y), where 
p= 1,---,m (so that Then, within that (2, y)-domain, (2) is 
formally equivalent to the system of m “solved” equations, those which 
result by choosing f =f; in (1); so that (2) can be thought of as a super- 
imposition of m “ velocity fields” (1). Hence, if criterion (i), which deals 
with (1), assures the existence of envelopes for one or more of the resulting m 
equations (1), then there result envelopes for (2) also. [On the other hand, 
the converse inference requires caution; in this regard, cf. Perron’s results 
[5] on “solving ” (2) with respect to y’.] 

Theorem (ii) below will illustrate this principle by applying (i) to the 
classical problem of nets (in differential geometry), where F' is a quadratic 
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polynomial in y’ or, more symmetrically as well as more generally, (2) is 
given by a quadratic form in (dz, dy), say 

(3) y)de® + 2b (2, y)dedy + y) dy? =0. 

Here a, b, c are continuous functions which, in order that (3) has (real) 
solution curves, must have a non-positive discriminant 

(4) D(z, y) =D=ac— 


in the (z,y)-region under considerations. Under suitable assumptions of 
smoothness (for instance, if the coefficients of (3) satisfy a uniform Lipschitz 
condition), the envelopes, if any, of the solution paths of (3) will have to be 
found amongst the “ branches ” of the “ discriminant curve ” 


(5) D(x, y) =0. 
(The converse is not in general true, since, even in the analytic case, a (real) 


branch of (5) need not be an envelope.) 

It is clear from the remarks made before (i) that the envelope situations 
delimited by (i), and therefore by (ii), are considered as resulting from 
points of non-uniqueness of an ordinary differential equation (1). Corre- 
spondingly, an opposite situation possible on a branch of the discriminant 
curve, that corresponding to tac-points, can be thought of as representing 
points of uniqueness. This is the actual content, as well as the proof, of 
(iii) below. 

As an illustration of (ii), consider the case in which (3) represents 
the equation of the asymptotic curves on a (sufficiently smooth) surface 
GS: z=2(2,y) of non-negative Gaussian curvature K = K(z,y), and sup- 
pose that A =4 0 except on a certain parabolic curve, S°: K(x, y) =0, on ©. 
In Section 7, conditions will be obtained under which ©° is an envelope of 
the asymptotic curves contained in the hyperbolic region of S. 

Theorems (iv) and (v) will deal with (a branch of) a discriminant curve 
which is “a singular line” of (3), in the sense that all three coefficients of 
(3) vanish at every point of the curve (4). 

As an illustration of the results for the case of such a singular line of 
(3), the behavior of the lines of curvature near a line of umbilical points on 


a surface will be discussed in Section 10. 


2. For small non-negative y, say for Oy 8, let ¢ be a continuous 
function satisfying the three conditions 


(6) >0ify>0, = 0, dy/$(y) 
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and let = 2(y) denote the value of the last integral when the upper limit 
of integration is y. Then, since z(y), where 7(0) = 0, is a strictly increasing 
continuous function, there exists a unique inverse function, y= y(2), satis- 
fying y(x) = 0 according as x= 0, where «Sa if a denotes x(f8). It is 
readily verified that, if c is an arbitrary constant, then y = y(z—c), where 
¢=2xSc-+4a, is a solution of the case f(x,y) = ¢(y) of (1). Since this 
solution of —¢(y) has at the (unilateral) slope ¢(0) —0, and 
since y(z) =0 is another solution, it follows that the z-axis is an envelope 
of solutions. 

This situation can be transferred from y’=—¢(y) to a more general 


equation (1), as follows: 
(i) Ona rectangle Kt of the form 
(7) R: 
let f(x,y) be a continuous function satisfying 
(8) f(z, 0) = (—aSrSa) 


and having the property that, for some continuous function $(y) satis- 
fying (6), 
(9) f(t,y) > o(y) 


Put M = max f(z,y) and let Q denote the (a, c)-set 
(10) QO: (a,c+b)/M), —a<c<a 


in an (x, c)-plane. Then there exists on a function y= y(x;c) which is 
continuous from the left with respect to c (uniformly in x) and has the 
following properties: y(x; c) is a solution of (1) (for fixed c), and y(x;c) 20 
holds according as x= c; finally (a portion of) the x-axis is an envelope of 
this one-parameter family of solutions. 


Although y(x;c) is continuous from the left in ¢ (uniformly in 2) and 
has a (continuous) derivative with respect to x, the continuity of y(z;c) in ¢ 


cannot in general be asserted. 


Proof of (i). Let y(x), where 02min (a,b6/M), denote the 
function which was denoted by y(z) in the remarks made after (6). Then, 
if x and c are subject to the inequalities (10), the function z = y)(% — c) 
is a solution of 2 —¢(z) and satisfies yo(c—c) =O according as r=. 
In addition, z = yo(—c) is the maximal solution (in the sense of Osgood 
[4]), with reference to the initial condition z(c) =0 and to r=c, of the 
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differential equation 2’ —¢(z); cf. [6]. Hence, if y(x;¢) denotes, within 
the restrictions (10), that solution y(x) of (1) which is maximal with 
reference to the initial condition y(c) —0 and tor =¢, it is clear from (9) 
and from the first two of the three assumptions (6) that y(z;c) > y(~@—c) 
if ¢>c. This, when compared with the assumption (8), proves the asser- 
tions of (i) except the continuity assertion, y(@;c¢) > as Co —0 
(uniformly in x). But the latter assertion merely expresses a well-known 
property of Osgood’s maximal solutions. 


Remark. It is clear from the above proof of (i) that assumption (9) 
can be generalized to the assumption of minorants ¢ which depend not only 
on y but also on z and ¢ and have the property that, corresponding to the 
assumption (6) for 2 = ¢(z), the non-uniqueness of the initial value problem 
z(c) =0 of 2 ¢(z,2;¢) is assured (for small r—c=0). 


3. Assumption (8) of (i), rendering the z-axis an envelope, is just a 
normalization; by a change of variables, it can be replaced by 


(8 bis) (x) — f(z, y°(x)) =0, 


if the solution curve y= y°(x), instead of y= y(xr) =0, is suspected to be 
an envelope. Such a change of variables will be needed in the proof of the 
following illustration of the principle italicized in Section 1. 

On a (sufficiently small) domain of the (2, y)-plane, say on the circle 
x? + <a’, let the three coefficients of (3) be functions of class 
satisfying 
(11) D(0,0) =0 and grad D(0,0) 40, 


where D = D(z,y) is the discriminant (4), and denote by Dra, D = Da 
and D°=°, the sets of those points (z,y) of © —€, which satisfy 
D(2,y) > 90, D(a, y) <0 and (5), respectively. It is clear from (11) and 
from the (local) existence theorem of implicit functions that, if the radius a 
is small enough, * and D- are non-empty open sets separated by the dis- 
criminant curve ° which is a Jordan arc of class C! passing through the 
point (0,0). 

It is also clear from (4) and (11) that, for reasons of reality, no point 
of D* issues any solution path of (3), while every point of D- issues solution 
paths in two distinct directions. Thus (3) splits near every point of D 
into two distinct equations of the type (1) (with xz and y possibly inter- 
changed), leading to the following situation: All those solution paths of (3) 
which have no point on the discriminant curve fall into two families, say 


10 
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#, and #., in such a way that each F; affords a schlicht covering of D- and 
no curve of ¥, touches any curve of F.. 

Nothing follows in this manner with regard to the behavior of either #; 
at the boundary D° of the open set D-. The latter question can however be 
discussed with the help of the above criterion (i). 

Let the ratio w:A or — p:A, where » = 0 is allowed but A—=0—p is 
not, be the slope of D° at (0,0). Then two cases are possible, according as 
this slope does or does not have the same value as the slope dy): dz» or 
— dy : dx» which, in view of (4) and (11), is determined by (3) at (0,0) 
(so that the two cases are characterized by 


(12) a(0, 0)A? + 26(0, + c(0, 0) = 0 
and 

(12*) a(0, 0)A? + 26(0, + c(0, 0) 40 
respectively ). 


(ii) Let the coefficient functions of (3), hence also its discriminant (4), 
be functions of class C1 on a domain, say on ©: 27+ y? < a”, where a is 
sufficiently small, and suppose that D(x, y) satisfies (11) at (0,0). Suppose 
further that the discriminant curve D° (which then exists and is of class C*) ts a 
solution path of (3). Then D° is an envelope of F;, and every point of D° 
issues (in the direction of D°) at least one curve contained in Fj, where 
j—1,2. 

Under the assumptions stated, a point of the envelope can issue more 


than two branches contained in the net ¥, + Fs. 


Proof of (ii). According to (4) and (11), the matrix of (3) at (0,0) 
has the determinant zero but is not the zero matrix and possesses therefore 
exactly one non-vanishing eigenvalue. Hence, after a rotation of the (z, y)- 
plane, it can be assumed that 


(13) a(0,0)=0,  6(0,0)=0, (0,0) #0. 


Since D° is supposed to be a solution path of (3), its slope + p:d at 
(0,0) must satisfy (12). In view of (13), this means that » = 0, i.e., that 
the z-axis is tangent to D° at (0,0). It follows that D° is of the form 
(14) D°: yam y(z); y°(0) =0, (0) =0 
(provided that | z| is small enough). 


It also follows from (13) that 


(15) on Gy: 22+ < 
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if a is small enough. Hence (3) on ©, = D* + D- + D°, being equivalent to 
(3) on D + D°, is equivalent to the two differential equations 


(165) = fi(z,y) = (—b + (—1)4| 


on + D°, where j —1,2, and both functions f; are real-valued and con- 
tinuous on D -+ 9°. In addition, f; is of class C1 on D-, and (16;) defines 
on - the family which, before (ii) above, was denoted by #;. Note that 
f:(z,y) =fe(a,y) if and only if (2,y) is a point of the discriminant 
curve (14). 


4. Since D° is a solution path of (3), it follows from (14) and either 
of the equations (16;) that 


(17) y” =— b(2, )/c(2, 


is an identity in x. If this identity is subtracted from (16;) and if y — yo(z) 
is then denoted simply by y, it follows that (16;) is equivalent to the case 


(185) f(z,y) =fi(a,y + —fi(a, 


of (1). Both the functions (18;) satisfy assumption (8) of (i), since (14) 
becomes y(az) == 0 in the present notations. Hence, in order to prove (ii), 
it is sufficient to ascertain that both functions (18;) satisfy the remaining 
assumptions of (i). 

Since D° is now a segment of the z-axis, D is either the portion y > 9 
or the portion y < 0 of the circle ©,: 7? + y? <a?. Clearly, the latter case 
can be reduced to the former. Hence it can be assumed that D- + D° con- 
tains a rectangle of the form (7). On the other hand, assumption (6) of (i) 
is satisfied if ¢(y) is a positive constant multiple of y3, and it is clear from 
the proof of (i) that assumption (9) can be replaced by f(z, y) <—$(y). 
Consequently, the proof of (ii) will be complete if it is ascertained that there 
belongs to the functions (18,), (182) a positive constant satisfying 


(19,) f(x, y) = Const. 3; (192) f(x, y) =— Const. y4 
at every point of a sufficiently small rectangle (7). 
First, if g(x, y) denotes the function 
(20) g(x,y) =b(2,y + y + — b(2, ¥°(2)), 


then, since b(2,y), e(x,y) and y°(x) are functions of class C1, it is clear 
from the above normalizations that | g(z,y)| is majorized by a constant 
multiple of y (on a sufficiently small rectangle (7)). On the other hand, 
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it is seen from (20) and (16;), where | D | —— D, that (18) can be written 
in the form 
(18; bis) — f(x,y) =9(z,y) — (—1)4(—D)i/c, 


where the argument of (— D)4/c is + y°(2)). 

Hence, in order to prove the existence of a positive constant with refer- 
ence to which (18;) satisfies (19;), it is sufficient to show that the value of 
|(— D)4/c| at (x,y + y°(x)) is minorized by a positive constant multiple 
of y3. It follows therefore from (15) that it is sufficient to prove the existence 
of a positive constant satisfying | D(x, y + y°(x))| = const. y at every point 
of a sufficiently small rectangle (7). Hence it is seen from the last two of 
the relations (14) and from Taylor’s formula that it is sufficient to prove 
the non-vanishing of the partial derivative D,(0,0). It follows therefore 
from the second of the assumption (11) that it is sufficient to prove the 
vanishing of D,(0,0). 

Finally, D,(0,0) =0 is equivalent to the statement that the slope of 
the discriminant curve ° vanishes at (z,y) = (0,0). Since the truth of 
this statement is implied by the above normalization of D°, the proof of (ii) 
is now complete. 


5. The last assumption of (ii), according to which the discriminant 
curve is a solution path, has implied (12). In what follows, the case (12*) 
will be considered. 


(iii) Suppose that all but the last of the assumptions of (ii) are 
satisfied but that the discriminant curve D°, instead of being a solution path 
of (3), violates not only (17) but even the case x =0 of (17), which ts (12); 
so that (12*) is satisfied. Then, if the arc D° is chosen short enough, every 
(x°, y°) on D° issues exactly one solution path of the family ¥;, where j = 1,2 
(and neither of these solution paths is tangent to D°; so that there is no 
envelope). 


Proof of (iii). For reasons of continuity, it can be assumed that (2°, y°) 
is the point (0,0) and, after a rotation of the (2, y)-plane, that the tangent 
of D° at (0,0) is the y-axis. This means that D° is of the form 


(21) D: —2°(y); 2°(0) = 0, 2,°(0) =0, 


if |y| is small enough. Since the slope w:A of D° at (0,0) is infinite, 
A=0 means that c(0,0) 0, by (12*). Consequently, (15) holds for 


| 
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small a, and the solution paths of (3) on D- + D° are defined by (16,) and 
(16,), where | D| 

Since (21) is a Jordan are which divides ©, into D and ®*, it can, 
after a rotation by a of the coordinate system (x,y), be assumed that D 


(and not D*) is to the right of the curve (21); so that the set of points (z, y) 
contained in D- is characterized by the following pair of conditions: 


(22) D2 >2(y), y <a? 
(a is small enough). 


6. Let f(z,y) denote either of the functions (16;) and put 
(23) f(0,0) =m. 
Then any solution of (1) and y(0) —0 lies in the wedge 
(24) (m—e)tSyS (m+ for small r=0, 


where « > 0 can be chosen arbitrarily small. If f(z, y) is defined and con- 
tinuous on a wedge (24) and satisfies (23), then, according to a standard 
generalization of the Cauchy-Lipschitz criterion, (1) will possess only one 
solution y(x) satisfying y(0) —0 if there exists, for small positive 7, some 
(continuous) function $(zx) satisfying 


+0 
where wu and v are arbitrary y-values compatible with (24). 
Since (25) is surely true if 


(26) f(z, u) —f(z,v) 


holds as e—>0 (with an O which is uniform in wu, v), it is sufficient to 
prove that both functions f(z,y) defined by (16;) satisfy (26). But the 
functions a(x, y), b(2,y), c(z,y), D(a, y) are of class It follows there- 
fore from (15) that it is sufficient to verify the estimate which results from 
(26) if f(z,y) is replaced by the square root occurring in (16;) ; that is, 
the estimate 


(27 (— D(a, u))4— (— D(a, v))* = O(x4)| u—v|. 
By the mean-value theorem of differential calculus, the expression on the 
left of (27) is 


(28) D(a, v) — D(a, u) 
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times $(— D(z, w))-4, where w is somewhere between u and v. Since (21) and 
the second of the relations (11) imply that D,(0,0) =0 and D,(0,0) #0 
(cf. the arguments at the end of Section 4), it follows that 


(29) D(a, y) =const.z + as (x,y) > (0,0), 


where const. = D,(0,0) +40. Since (29) remains true if y is replaced by w, 
a y-value satisfying (24), it follows that 


(30) — D(z,w) = Const. z, where Const. > 0. 


The lower estimate (30), when compared with the representation of the 
difference (27) as the product mentioned in connection with (28), proves 
the truth of (27). Hence the proof of (111) is now complete. 


7. Over a domain, say ©,: x*-+ y? < a’, of the (2, y)-plane, let 
(31) 6: 2=—2(z,4) 
be a surface of class C*. Then the functions 
(32) = == C= 2y 
are of class C*, as is the Gaussian curvature K = K(z,y), the latter being 
(33) K=D/(1 +22 
by (4). It will be supposed that 
(34) K(0,0) and grad K(0,0) 


If the notation is so chosen that the plane tangent to the surface © at 


the point (0,0) is the (x, y)-plane, then, since z,(0,0) = 0 —z,(0, 0), it is 
seen from (33) that (34) is equivalent to (11) in the case (32). The 
equation (3) becomes that of the asymptotic curves on (31); cf. (32). 
Accordingly, if S*, S-, S° denote those portions of the surface © which 
have the respective orthogonal projections D*, D-, D° in the (2, y)-plane (cf. 
the beginning of Section 4), then (33) shows that the situation is as follows: 

S is divided by a curve S° of class C1 into two domains, St and ©, 
the points of which are elliptic (K >0) and hyperbolic (K < 0), respec- 
tively, while S°, which corresponds to the discriminant curve D°, is a parabolic 
curve (K 0). There are no asymptotic curves on G*, while those on G 
form a net consisting of two distinct families, ¥, and F¥,. Finally, each of 
the latter has the envelope ©° provided that the last assumption of (ii), 
requiring that the parabolic curve S° itself be an asymptotic curve. is 
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satisfied ; whereas there is no envelope and (iii) applies, if (12*) is assumed 
at the point (0,0) of the projection D° of the parabolic curve ©°. 

It should be noted that these two cases, that of an asymptotic curve © 
and that of an G° satisfying (12*), neglect a third possible case. In fact, 
condition (12), which is the negation of (12*), is necessary but not sufficient 
in order that S° be an envelope. In other words, it is possible that 6° fails 
to be an asymptotic curve although it starts out at the parabolic point (0, 0) 
in the asymptotic direction of the latter. 

The above result should be compared with the following remark of Cohn- 
Vossen [2], pp. 274-275: The parabolic curve S° is an envelope of the 
asymptotic curves on © if and only if the normal of © has a constant 


0 


direction along 6°. 
In the latter regard, cf. the results of [3], pp. 610-613. 


8. The second condition in (11) implies that no point (z,y) of the 
discriminant curve (5) is a singular point of (3); in other words, that 
(x,y) is not a common solution of the three equations 


(35) a(z,y) =0, b(z,y) = 0, y) =0. 


In what follows, (3) will be considered under the assumption that (5) holds 
on (and only on) an are 9° consisting of singular points (z,y). This is the 
situation if (3) represents either the differential equation of the lines of 
curvature on a surface and the set of umbilical points forms an arc D°, or 
the differential equation of asymptotic lines on a surface and the set of flat 
points forms an are D°. 


(iv) Let the coefficient functions of (3), hence also the discriminant 
(4), be of class C? on a domain, say on Gg: x? + y?<a?. Suppose that 


(36) | grada| + | grad d | + | grade | 40 


and that there is through (0,0) an are D° along which (35) holds (so that 
D° is an arc of class C?). Suppose further that 


(37) D(a, y) S0 according as (2, y) is not or is on D°, 
and that 
(38) D(2,y) ~o0(r?), as 


Then the solution paths of (3) form two disjoint families F,, ¥, each of 
which covers Gq in a schlicht fashion (in fact, every point (x,y) of q issues 
exactly two solution paths of (3), and these paths are not tangent to each 
other). 
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Thus there is no envelope even though the discriminant curve is a “ line 


of singular points.” 

In the proof of (iv), it will be shown that (3) is in the main equivalent 
to a non-singular differential equation (49), one for which the corresponding 
discriminant is not 0. In the assertion of (iv), the curve D° is considered 
a solution of (3) if and only if it is a solution of (49). 


Proof of (iv). After a suitable rotation of the (z,y)-plane, it can be 
supposed that D° is tangent to the z-axis at (0,0). Since (35) holds along 
°, it follows from (36) that there exist three constants ¢,, C2, cz, not all 0, 
such that 
(39) a=cyt+fi, b=cytf, fe, 


where f;, = f;,(z,y) is a function of class C? satisfying 
(40) f(z,y) =o(r) as r—->0. 
Conditions (37) and (38) imply that 
(41) — Co” < 0. 
For small | z |, the discriminant curve D° is of the form (14). In order 
to reduce this to the simpler case 
(42) D°: y=0, 


replace (z,y) by (2, y—y°(x)) and denote y—y°(zxz) simply by y. Then 
(3) goes over into an equation of the type 


(43) y (Adz? + 2Bdzrdy + Cdy?) = 0, 
if 
(44) yA =a-+ 2by” + cy”, yB=b-+ cy”, yC = ¢, 


where the argument of a, b, c is (v7, y + y°(x)) and that of y” is z Thus 
the functions (44) (of the new (z,y)), as well as their partial derivatives 
with respect to y, are of class C* (since y° is of class C*); moreover, the 
functions (44) (of the new (z,y)) are of the form 


(45) yA C1y + F,, yB C2Y +- F,, yC C3Y + F,, 
where F,.(z, y) and 0F;,(2, y) /dy are of class C1, and 
(46) =o(r) and =0. 


It follows that A, B, C are of class C‘ and satisfy 
(47) A(0,0) =c,, B(0,0) = C'(0, 0) == 
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Hence, by (41), 
(48) AC—B? <0 


in a sufficiently small vicinity of (z,y) = (0,0). Consequently, (1) spiits 
into the two equations, y= 0 and 


(49) Adz? + 2Bdzdy + Cdy? =0. 


Hence the assertion of (iv) follows from (48) and the fact that A, B, C are 
of class C’. 


Remark. If the C*-assumption of (iv) is weakened to the condition 
that a, b, c are of class C*, then D° can be an envelope. This is shown by 
the example 


| y — (y + | y + = 0. 
In fact, this case of (3) factors into 
y=0, dy/dr=—1; 


hence D°: y= 0 is an envelope, although conditions (36), (37), (38) are 
satisfied. 


9. It turns out that even if (38) is not assumed, so that 
(50) D(x, y) =0(7*), 


the discriminant curve D° is still not an envelope. But the assertion of (iv) 
need not of course hold in the case (50). 


(v) Let all conditions of (iv) except (38) be satisfied and, in addition 
to (50), suppose that a, b, c are of class C?. Then D° is not an envelope of 
solutions of (3). 


Proof of (v). The considerations occurring in the proof of (iv) are valid 
except that, (38) being negated, (41) and (45) do not hold. Thus 


(51) — Co” 0 
and 
(52) AC — B? =0 
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hold for y0. On the other hand, since condition (36) has been retained, 


(58) #0. 
Suppose, if possible, that D° is an envelope of solutions of (3). Then 
(42) is an envelope of solutions of (49). It will be shown that this leads 
to a contradiction. 
Since y = 0 is an envelope of solutions of (49), the function y=0 is a 
solution of (49). Hence A(z, 0) =0, that is, c, 0. But then (51) and 
(53) imply the truth of the last two of the three relations 


(54) Ci 0, Co 0, C3 0. 


Thus, for (z,y) near (0,0), (49) can be written as 


(55) dy/dz = {— B + (B*— AC)3}/C, (CA0), 
where 
(56) B(«, 0) =0. 


The assumption (37) implies that AC — B? = 0 according as | y | = 0. 
Hence, 6(AC — B*) /dy = 0 at (x,y) = (2,0), and so, since a, b, c are of 
class C’*, 

A(z, y)C (2, y) B? (a, y) O(y’), 


as y—> 0, uniformly in x for small | z|. Consequently, (54) and (56) imply 
that 


| dy/dx | = O(|y]) 


holds for any solution path of (55). Accordingly y=0 is the only solution 
of (55) satisfying y(%)) =0 (if | 2 | is small enough). Hence y=0 is not 
an envelope of solutions of (55). This proves (v). 


10. Over a domain, say Gq: z? + y* < a’, of the (z, y)-plane, let (31) 
be a surface of class C*. Then, if p—p(z,y),---,t—t(z,y) denote the 
partial derivatives 2,,- - -,Zy,, the functions 
(57) a—pgr—(1+p%)s, (14+. 4+ 

c= (1+ q’)s — 
are of class C*. For the choice (57) of the coefficient functions, (3) represents 
the differential equations of the lines of curvature on ©. 


ENVELOPES AND DISCRIMINANT CURVES. 155 


The Gaussian curvature K = K(2z,y) and mean curvature H = H(z, y) 
of © satisfy the inequality K— H?=0. An umbilical point is characterized 
by the sign of equality, KH? —0. At such a point (2, y), the functions 
(57) satisfy (35). 

If (x,y) = (0,0) is an umbilical point, the axes xz, y, z can be chosen 
so that 


z(x,y) =4K (0,0) (a2 + y*) + as r—>0, 
where y(z, y) is a cubic form, 
W(X, Y) = + + Ba ory? + 
It is readily verified from (57) that 
— grad a = diz) = gradc and 2 grad b = (dso — — Ax) 


at = (0,0). Hence (36) holds at (0,0) if and only if 


| dor | + | are + | dos 


which means that y(z, y) +0. Since grad a=— gradc at (2, y) = (0,0), 
it follows that (38) is satisfied. 

Accordingly, (iv) implies that if y(a, y) #0 and if the set of umbilical 
points (H? — K —0) consists of an are D° through (0,0) (hence D° is an 
are of class C*), then the set of lines of curvature form two disjoint families 
#1, Fo, each of which affords a schlicht covering of a vicinity of (0,0). 


#0, 


+ | A390 — 


In this assertion, D° is counted at most once as a line of curvature; cf. 


the remark following (iv). 


Appendix. 


In a neighborhood, of (zr, y) (0,0), let y=y(z,y), where 
y(0,0) 0, be a continuous function having the following properties: If 
the value of the constant in the equation y(z, y¥) = const. is within a certain 
interval, then the equation represents a Jordan arc possessing a continuous 
tangent, and varying with the value const. continuously and in such a way 
that all Jordan ares together cover © in a schlicht continuous fashion. 
Then y(z,y) = const. will be called a C°-sheaf (on ©). If, in addition, 
y(z, y) is a function of class C1 and of non-vanishing gradient (yz? + yy? ~ 0), 
then the C°-sheaf will be called a C'-sheaf (on some, sufficiently small, neigh- 
borhood VU of the origin). 
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If y—=a—a/(z,y) is of class C* and of non-vanishing gradient, then a 
classical rule would state that the orthogonal trajectories of the C?-sheaf 
a(x, y) =const. are given by the sheaf y(z, y) = Const. belonging to y = 8, 
where 8B = B(z,y) is any non-constant solution (of class C1?) of the partial 
differential equation 


(1) ar Bx ayBy == (). 


The following pair of assertions shows, however, that this formulation of the 
statement is both misleading and false. 


(*) If a(x, y) is a function of class C1 and of non-vanishing gradient 
in a neighborhood of the point (0,0), then the C1-sheaf, defined by a(z, y) 
= const. (for sufficiently small x? + 


(I) need not have any C°-sheaf, say B(x, y) = Const., of orthogonal 
trajectories (on any neighborhood x* + < 


(II) can have a C°-sheaf of orthogonal trajectories on some, without 
having a C*-sheaf of orthogonal trajectories on any, neighborhood of (2, y) 
= (0,0). 


In view of the criterion (1), both of these assertions, (I) and (II), 
can be interpreted as statements concerning possibilities which can occur for 
a partial differential equation 


(2) a(x, y) Ba + y) By = 0, 


for which a non-constant solution 8(z,¥) is sought when a(z,y), b(2z, y) are 
the components of the gradient of a given function, a(z, y), which is of class 
C1 and of non-vanishing gradient but otherwise arbitrary. Such possibilities 
cannot of course occur if grada satisfies a Lipschitz condition. In the 
examples to be given below, grad a will satisfy a Holder condition, of an index 
A(<.1) which can be chosen arbitrarily close to Lipschitz’s limiting case 
A=1. 


Proof of (*). Both (1) and (II) will be proved by functions a(z, y) 
of the form 


(3) a(z,y) =z+f(y), hence az =lay—f, 


where f’ = df/dy, and by considering the differential equation 


dy/dx = —f'(y), 


(4) 
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which, in view of (3), defines the characteristics of (1). In terms of a 
constant A satisfying 0 <A <1, the function f(y) will be defined to be 


(5:1) f(y) = (51) f(y) =|y|*>sgny 


in the proof of the respective assertions (1), (I1). In both cases, (3) shows 
that a(z,y) is of class C? and that a(0,0) —0, grada(0,0) #0. 

In both cases, it is clear from (3) that if B(2z, y) = Const. is a Ct-sheaf 
of orthogonal trajectories of the C1-sheaf y) —const., then B(z, y(2) ) 
must be independent of 2 along every solution y= y(z) of the differential 
equation (4). But the latter is 


(6;) dy/dx = — (1+ )|y|*sgny; (61) 


in the respective cases (51), (511). Since the z-axis represents a solution of 
both (6;) and (6;;), and since it is clear that every other solution curve must 
meet the z-axis, it follows first, that B(2,0) is independent of z, and then, 
that B(x, y) is independent of both z and y. 

This proves that in neither case can there exist a C1-sheaf of orthogonal 
trajectories. In the second case, it is readily verified from (5) that if 
B(az, y) is defined by 


(711) B(x,y) =(1+A)(1—A)a+ | y|** sgny, 


then B(2z, y) = Const. is a C°-sheaf of orthogonal trajectories. This proves 
assertion (II) of (*). 

In order to prove assertion (I) of (*), suppose, if possible, that there 
exists a (°-sheaf, B(x, y) —Const., in a neighborhood of the point (z, y) 
= (0,0) in the case (6;). Within the first quadrant (4 >0,y > 0), let 
(%o, Yo) be any point situated on the curve 


(1+ A)(1—A)z—|y 


There is through (2, Yo) a unique path, say I* —I*(2, 4), which is an 
orthogonal trajectory of class C1, this I* being represented by the positive 
solution y = y(zx) of the equation (71) or by the half-line y(z) = 0 according 
or x0. Hence B—£(z,y) is constant along I‘. 
Similarly, 8 = 8(z, y) is constant along I~ if, according as —o< 20 or 
the path IX I~ (2, — yo) is defined to be the half-line y(z) =0 
or the negative solution y= y(x) of the equation (711) which passes through 
the point (z,— yo) of the fourth quadrant (2) >0,—y. <0). In other 
words, I~ is the unique path of class C1 which passes through (2), — y,) and 
is an orthogonal trajectory. Since (711) remains unchanged if y is replaced 
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by — y, the curve I~ results from the curve I* by reflection on the z-axis. But 
I* and I~ have the negative half of the z-axis in common. Since the function 
B(z,y) is constant on I* as well as on I~, it follows that there exists a 
number, say Co, satisfying B(r,y) for every point (z,y) of I*+T. 
This completes the proof, since B(z, y) = Co fails to define an arc of class C? 
through (0,0) (simply because I* and I~, which are distinct for z > 0, 
+y> 0, coalesce for r=0,y—0). 
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ON THE EQUATION a*— b¥=1.* 


By J. W. S. CAssELs. 


1. The solution of the title equation in integers 7, y for given integers 
a> 1,6 > 1 has been dicussed by W. J. LeVeque [2]. The second paragraph 
of this note shows that y is odd if z > 1, and that any prime divisor of y 
which is less than x divides a, and vice versa. The third paragraph proves 
simply a stronger form of LeVeque’s theorem, that there is at mczt one 
solution, which can be specified completely. The third paragraph uses the 
results of the second only to secure a slight refinement of the enunciation. 

It is conjectured that there are only a finite number of nontrivial solu- 
tions a,b, x,y of the equation. 


2. We first have the trivial 
THEOREM I. (2,y) =1. 


Proof. Suppose that «= y= py, for p>1. Then a,?—b?—1 
with a, = a", 6; = 6b”; which is clearly impossible. 


TueorEM II. If «>1, then 27 y. 


Proof. Otherwise, by the preceding argument we should have a solution 
a,b, a2, y of with odd prime z. But then 1+ 1b 
p? + q? =a for some unit « and by replacing p+ iq by with a 
suitable unit » we may suppose that e—1. Equating coefficients we now have 


1 = — fa (a ++ + age), 
and sop=-+1. By considering conguences modulo x we have p = 1, and so 


Since 2|(1+7%)* we have |qg|>1. Let r be a prime divisor of q. 
We shall show that all the terms on the left of (1) except the first are 


* Received September 8, 1952. 
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divisible by a higher power of r than that dividing («—1)/2; which con- 
tradicts (1). It is enough to show that for k = 2 the fraction 


2(a—2)-- + 1)q**/(2k)! 
(r—2)- +1)/(2k — 2)! + g**/k(2k — 1) 


does not have r in its denominator when reduced. The first factor is an 
integer. For k= 4 we have but 124-3 > 2-3 > k(2k—1), so 
then the statement is certainly true. For 42,3 we have r| q**%, but 
r?>?k(2k—1) since k(2k—1) 6,15 respectively is squarefree, and again 
the statement is true. Hence the assumption that a*— 6? —1 is soluble 
leads to a contradiction. 

We require two trivial lemmas. 


Lemma 1. Let p be an odd prime and c>1 an integer. Then 
f = (c® —1)/(e—1) is prime to p or divisible by p but not by p? according 
as C541 (p) or c=1(p). The number f,f/p respectively 1s odd, greater 
than 1 and prime to c—1. 


Further, 9g = (c? +1)/(ce+1) is prime to p or divisible by p but not 
by p*® according as cs4&—1 (p) or c=—1(p). The number g, g/p respec- 
tively is odd and prime to c +1; it 1s greater than 1 except when 


(2) C= 2, p = 3. 


Proof. If q isa prime divisor of c— 1, then 
and so q|f impliesq—p. If rp, then 

f=1+(1+1rp)+ (1+ 2rp) +(1+ (p—1) rp) = 
and so the greatest common divisor of c—1, f is 1 or p. In particular f 
is odd if c is odd. If is even, then f= 1/1 (2) is again odd. Finally, it is 
obvious that f > p. 

As before, the greatest common divisor of g and c+ 1 is 1 or p, and g 
is odd. Also 


p psd ~ 3. 


with equality in both places only if c—2, p=3. 


Lemma 2. Letc>1. If c is even, thence +1, c—1 are coprime. If 
c is odd, then one of c+ 1, c—1 say c +1, ts not divisible by 4; and then 
4(c+1) is prime toc 1. 
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Proof. Clear 

We can now prove 

THEoREM III. (i) If p is prime and p|z, p{b, then p> y. 
(ii) If p is prime and p|y, pfa, then p>. 


Proof. We first prove (i) and put «pz, By Lemmas 1,2 the 
numbers (a?—1)/(a%:—1) and are coprime, and so 
for some c|b. Hence (c¥+1)?—1 and so i.e. DZ 
Then 

(?+1)9S 1)?—1 < (w+ 1)?, 


and so p> y ({1] Theorem 19). 

For (ii) we first note that p > 2 by Theorem II. Put y= py, and so, 
as before, b+ 1—d*>1 for some d|a. Hence a* = (d*—1)?+ 1 and 
so aS d?—1. Thus 


and so p> 
We call a solution nontrivial if x >1, y >1 and deduce 


CoroLuary 1. For a non-trivial solution it is impossible that 
(a,b) = (y,a) =1. 

For a later purpose we require 

CorOLLARY 2. There are no nontrivial solutions of 2*— by —1. 


Proof. If y>1, b>1 then x>1 and so y is odd by Theorem II. 
Hence each prime factor of y is greater than z and in particular bY > 24 > 22, 
a contradiction. 


3. The following theorem enables all solutions of the title equation to 
be found for given a, b. 

THEOREM IV. Let 
(3) — bv =1, 


where x,y,a >1, b> 1 are positive integers and the equation is not 


(4) 3? — 2% —1. 
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Suppose that é,y are the least positive solutions of 
at=1(B), (A), 
where A, B are the products of the odd primes dwiding a,b respectively. 


Then «x y=n; except that r—2, y=1 may occur if E=y—1 
and a+ 1 is a power of 2. 


Proof. We first prove y=vy. Clearly y| y. Suppose y/y is even. Then 
by = (—1)#7=1+4—1 (A) unless A —1, i.e. unless is a power of 2. 
But then = 1=2 (4) and so a*—2, b=—1; which is excluded. 
Hence y/n is odd. Suppose that y/y is divisible by an odd prime p, say 
Y = pyi,y|Y¥:. Then by the second part of Lemma 1 there is an odd prime q 
dividing (bY-+1)/(b“-+ 1) (and so a) but not dividing 6+ 1; except 
in the case (2) which corresponds to (4). Hence 6“%-+1540(q) and a 
fortiori b454—1(A). The contradiction proves y = ». 

We now prove the statements about z. Clearly €| a. The proof that 
x/é is a power of 2 runs exactly as before using now the first part of Lemma 1. 
If 2é | Z, say T= 2X, € | 2, then a similar argument using Lemma 2 leads 
to an absurdity unless a + 1 contains no odd prime factors, i. e. a + 1 = 2 
for some m>0. If now 2,é, then 2/2, and so 2™=a"-+1=2 (4) 
i.e. m =a —1, which is excluded. 

Hence = é or = the latter only if 


(5) +1=2", 


But (5) implies 1 by Theorem III, Corollary 2. Now a+1—= 2", 
and hence a—1= 2c" for some odd c, where y| (m-+1). 
Finally, 2 = 2™ — 2c¥ and hence 1 = 2”-*—-c¥. By Theorem III, Corollary 2 
this implies c—1 or y=y=1. The case c—1 gives a=3 and so the 
exception (4) of the theorem; and the case y= —1 gives the exception at 
the end of the enunciation. 
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SOME CONGRUENCES FOR THE BERNOULLI NUMBERS.* 


By L. Caruirz. 


1. Introduction. The familiar Kummer congruences [2] for the Ber- 
noulli numbers may be written in the form 


(1.1) 7™(7?-*—1)"=0 (mod p’), 


where after expansion of the left member, +r” is to be replaced by tm = Bm/m, 
and (B + 1)" = B” form A1; pisa prime > 2;m=2r+1 and p—1fm. 
Somewhat more generally, if (p —1)p** | 6, then, by [1], p. 842, 


(1. 2) (mod p’*), 


provided p > 2, p—1fm, m>re. In attempting to remove the condition 
p—1m, Vandiver [5] proved the following result: 


Boo) (BP*—1)r==0 (mod p™*), 


where a>0, r>0a+r< 

Vandiver’s conguence differs from (1.1) in several respects; the most 
striking difference is the restriction on r. In the present paper we shall 
extend (1.3) in several directions. We prove first that 


(1. 4) o*(o—1)"=0 (mod 


where om = + p? —1)/m, a21, r21, a+rSp—1; next if 
m= p—1, then 


(1.5) Bm (Be*—1)"=0 (mod p”*). 


These results can however be extended considerably. We first show that 
if p’ | m, then om is integral (mod p), in other words the numerator of 
Bnip-1) + p-*—1 is divisible by p’; moreover we determine the residue of 
o» (mod p). In the next place we show that 


(1. 6) Be( B® —1)"=0 (mod p’e*), 


where (p—1)p** |b, c=(p—1)u>re, and h=e for r<p (except 
perhaps when r= p—1, e=1 and h=2), for r= p, h is the least integer 
= (re+1)/p. 


* Received November 20, 1951. 
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Finally we quote 


M: 


(—1)*C,"(s + 1)*(Bn + p?—1) =0 
(mod p, (r + 


where (p—1)p*?| b, m= (s+ 1)b, and for r < p, while for r > p, 
h is the least integer = re/p; in the modulus it is to be understood that we 
are interested only in the power of p dividing each term. 


(1. 7) 


& 


For a result more general than (1.7%) see Theorem 6. 


2. Some preliminaries. We shall require an extension of a formula 
used by Nielsen ([4], p. 266). Put 


(2.1) Aur => soem; 
s=0 


where r=0, k=O. Then it is readily verified by direct substitution that 
(2. 2) (t + rb —k) + = +1) 


Now in the first place, if we take Um =m, t =m, it follows from (1. 2) 
and (2.2) that 
(2. 3) B® —1)"=0 (mod p-) 


provided p—14m,m> re. In the second place, if we take Um = Bm, then 
(2.2) and (2.3) imply (since the left member of (2.3) is Ao,r) 


(2. 4) = 0 (mod 
8=0 
provided p—1fm, m> re, k < p; the integer ¢ is arbitrary. 
38. Proof of (1.4) and (1.5). Put 


(3. 1) a?*— 1 pqq (pf), 


so that ga is an integer. Then raising both members of (3.1) to the 
(r+ 1)-th power and summing over a from 1 to p—1, we get 


r+1 p-1 
a= 


where Sm = Sm(p) — Sa". In place of (3.2) it will be more convenient 
a=1 


to write 
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p-1 
(3. 3) (— 1) (8 + (8m + 1 — p) 
(m = (8 ++1)(p—1)), 
which is an immediate consequence of (3.2). We next recall that 


m+1 


(3. 4) Sm(p) = (m + 1)* 2 


Now for r= p—1, t=p, the ¢-th term in the right member of (3.4) is 
divisible by at least p?*. Thus (3.4) implies 


(3.5) Sis == spt? (mod p?), 
Substituting in the left member of (3.3) we get 

(—1) + + 1—P) 
(3.6) + (p—1) 1) (— 


p-1 
= (r + (mod 
a=1 


where again m= (s-+1)(p—1. Suppose now that r< p—1 and apply 
(2.4) with b=p—1. Then 


pt > (— * Bigs = (0) 
8=0 
mod p”*? or mod p**? according as r=t or t >; so that the left member is 
always divisible by p’*? and thus the double sum in the left member of (3. 6) 
is divisible by p’**. Hence it follows from (3.6) that 


(3. 7) =0 (mod (r< p—1), 
8-0 

where 

(3. 8) Om = + p*—1). 


In the standard notation of finite differences, we have 
r a 
= > (— Catto, ; 
8=0 i=0 


since the left member of (3.7) is evidently A’o,, it follows that A’og,, =0 
(mod p’) provided a+-r< p—1. Changing the notation slightly, we now 
state 


1 
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THEOREM 1. Ifa=1,r2=l,a+rSp—1, then 


(3. 9) o*(o—1)"=0 (mod p’), 
where om is defined by (3.8). 
In the next place, if we raise both members of (3.1) to the r-th power 
and multiply by a‘¢-», we get 
A p-1 
> (— 1)" (est) = 
8= a= 


We now suppose? =hp+hk,k2=1,k p—1. We again use (3.4) and 
break the sum into two parts. As before (3.5) holds and we get in place 
of (3.6): 


r p-2 r 
(3.10) p (—1)"*C + ~ (¢ + 1)-*p*t 
=1 
p-1 
=p’ (mod p?*), 
a=1 
where m= (s+t#)(p—1). As in the proof of (3.7), the double sum in 
(3.10) is divisible by p’, and it follows that 
p (—1)"*C,,Bn=0 (mod p’). 
We have proved 
THEOREM 2. If 


then 
(3. 11) Bm (Be-*—1)"=0 (mod pt). 


Some of the restrictions in this theorem can be removed; see Theorem 4 


below. 
4, The numerator of B,,+p*—1. Let m=r(p—1)p*, so that 
==1-+ rp*tq, (mod p***), where pga, pfa. Then 
(4.1) Sm—= Da" =p—1+ (mod p), 
a=1 


since 5 da = Wp = p*((p—1)!+1) (mod p); cf. [4], p. 356 or p. 361. 
a=1 

On the other hand, it follows from (3.4) that 

(4. 2) Sm=pBm (mod p**?), 


| 
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provided p > 3. Combining (4.2) with (4.1) we get Bn + p?*—1= rp*w, 
(mod p***) and therefore 


(4. 3) p*(Bm + pt?—1)=rw, (mod p) (p> 83). 


THEOREM 3. For m=—rp*(p—1), p=83, the numerator of Bm p™ 
—1 is divisible by p*, and the quotient satisfies (4.3), where wy denotes 
Wilson’s quotient. 


For k = 0, see [3], p. 354. By the method used below we can prove 
the more precise result 


(4.4) p*(Bu + p*—1) =p**(Sn(p*) + — p*) 
ph 

= rp" qx(a) (mod p**), 
a=1 


where pfa in the summation >’ and h=[4(k+2)], Sm(p*) 0", 
a=1 
= —1). We shall omit the proof of (4.4). 
5. Proof of (1.6). Put 


(5.1) a? —1 p’q(a) (pta), 
where (py —1)p**| 6 and q(a) is integral. Then it follows that 


(5.2) — pS pt a 
where c= (p—1)u>0, 

(5.3) Sa", pt = Dar 
and h (=1) will be fixed later. It is clear from (5.3) that 
(5. 4) = Sevse(p") (mod p*). 


For Sn(p") we shall require the well-known formula 


m+1 


(5. 5) Sm(p) = (m +:1)7 CO 
t=1 
of which (3.4) is the special case h —1. If we rewrite (5.5) in the form 
(5. 6) Sm(p") = (¢ Om, 
t=0 


we see that for = p—1, the ¢-th term in the right member of (5.6) is 


divisible by at least p?"-?. Thus in view of (5.4) we get 


¢ 
t 


168 L. CARLITZ. 


p-2 
(5.7) = (t+ (mod p%, p?2). 
t=0 


Substitution in (5.2) leads to 


r ~2 

(5. 8) pe > (— By (t + 
8=0 t=1 8=0 

=0 (mod p’e, where m = sb + c. 


Let us consider first the case r< p and take he. Then it is easily 
seen, using (2.4), that provided ¢ > re, the double sum in the left member 
of (5.8) is divisible by p’’; thus (5.8) becomes 
(5. 9) Be(B>—1)"=0 (mod , 

Thus for ¢> re, the modulus is evidently except perhaps when 
r= p—1, e=1, when the modulus is 
Next let r=p. We first remark that the modulus p?'-? in (5.8) can 


be improved to p?"*; this is seen by examining the term corresponding to 
t = p—1, namely, 


8-0 
By the Staudt-Clausen theorem the sum in (5.10) is integral (mod p) for 


r=vp. In the next place we verify that for h = e, the double sum in (5.8) 
is divisible by p’*®-¢, and thus we get 


p'Be( 1)" = (0 (mod pre, 


To find the most favorable value of h, it is only necessary to satisfy the 
inequality ph —1=re, that is, h= (re+1)/p. If therefore we choose h 
as the least integer = (re -+1)/p (and thus > e) we conclude that 


(5. 11) Be(B>—1)"=0 (mod (r= p). 
Combining (5.9) and (5.11) we get 


THEOREM 4. Let (p—1)p** |b, c=(p—1)u>re; then for r<p 
we have 
(5. 12) Be(B>—1)r=0 (mod p’-»e), 


except perhaps when r= p—1, e = 1, when the modulus ts Forr=p 
define h as the least integer = (re+-1)/p; then 


(5. 13) Be(B®—1)"=0 (mod pre), 


| 
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It is perhaps of interest to note what Theorem 4 becomes in the case 
e=1. We state 


THEOREM 4’, Let p—1|b,c=(p—1)u>r; then Bo(B®—1)"= 
holds mod p"*, mod p?* or mod p’* according as r< p—1, r=p—1 or 
r= p, where h is the least integer = (r+ 1)/p. 


Theorem 4’ evidently includes Theorem 2. 


6. Proof of (1.7). Returning to (5.1) we raise both members to the 
(r+ 1)-th power and get after a little manipulation 


r 


(6.1) (— (8s + + — p*) 
= (r +1) > 9(2), pta, 


where S’,(p") has the same meaning as before, and (p—i)p**|b. In 
view of (5.4), (6.1) becomes 


(6.2) (8 + 1)*(Sm(p*) + — pr) 
= (r+ (mod p’), 
a 
where for brevity we put m= (s-+1)b. The argument is now similar to 


that of §5. However, it is convenient to make some slight changes. In the 
first place we have 


(8+ 1)"(Sm(p*) ++ ph* — ph) = ph(s + 1)*(Bm + p*—1) 
-1 
EEL 1) APOE By (mod 
t=1 


substitution in (6.2) gives 


r 


8s=0 


-1 r 
(6. 3) + > t*(¢ = (— 
8=0 
==( (mod (r + phprt)+e-2) 


We now examine tne double sum in (6.3). Take first r< p and let 
h=e. We find that 


8= 


r 
| 
r 
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for 1StSp—1. (The case r—p—-1, t=p—1 requires special dis- 
cussion as before.) Thus (6.3) implies 


(6. 5) + (Bn + p*—1) =0 (mod MM), 
8=0 
where 
(6. 6) M = (p®, (r + p(rttyere-1) 

In the next place let r= p, h Ze. Then we can assert (6.4) with the 
modulus (p"*r¢, p®), also the last exponent in the modulus of (6.3) can be 
improved to h(p+1)+e—1. Hence a congruence of the form (6.5) 


holds with 


We choose h so that h(p +1) +e—12h+re+e—1, that is, hp=re, 
and we find that again 


(6. 7) M = (p®, (r + 
Combining the several cases we get 
Tueorem 5. Let (p—1)p** |b, r=1; then 


(6. 8) (8 + (Bm + —1) =0 
s=0 
(mod (r + 
where m= (s+1)b, and hh =e forr < p, while h 1s the least integer = re/p 
for r> p. 
Here again it may be of interest to restate the theorem in the special 
case e=1. We have 


TueorEM 5’. Let p—1]|b, r=1; then 


r-8 
= (—1) OF = 0 


where m= (s-+1)b and h ts the least integer = r/p. 
Generalizing (3.8), let us put 


os = + p'—1); 


(6. 9) 
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then as in § 3 the left member of (6.8) can be denoted by A’o,, and we have 
a-1 

(6. 10) == C; (a 1). 
i=0 

By means of (6.10), Theorem 5 can be extended considerably. Indeed if 

M, denotes the modulus in (6.8) then it follows immediately that 


(6. 11) (M,,° +, 


The simplest case is that in which a+r p—1, for in that case the 
denominators may be ignored; more generally the same remark applies when 
r=r,(modp) and aSa+nm<p—l. Since e(r+1)—h is a non- 
decreasing function of r it follows that the modulus in (6.11) is now 


(6.12) M — (p>, porn) (a+r<p—l), 


where h, is the least integer = (r+a—1)e/p for r+a—1=p; for 
a+rSp—1, (6.12) reduces to simply 


(6. 13) 9") (a+rSp—1). 
For the general case, however, we have 


and again h, is the least integer = (r+ a—1)e/p (ha=e forr+aSp). 
We have therefore 


THEOREM 6. Let (p—1)p*?|b,a21, r=1; then o%(o—1)"=0 
(mod M), where oq 1s defined by (6.9) and M is determined by (6.12), 
(6.13), (6.14). 


In particular, Theorem 6 implies 
TueorEM 7. Let (p—1)p**|b,a21, 1S 7r< p—1; then 
(6. 15) (mod pr), 
where hq is the least integer = (r+ a—1)e/p. 
For a+r=p—1, there is nothing to prove. For a+r=p, it is 


only necessary to verify that (r + a)-*p", where a = 1, is integral (mod p). 
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ON THE DERIVATIVES OF SOLUTIONS OF LINEAR, SECOND 
ORDER, ORDINARY DIFFERENTIAL EQUATIONS.* 


By Puitip HARTMAN. 


In the differential equation 


(1) +qy=0, (‘= d/dt), 


let g= q(t) be continuous for O=t<o. The object of this note is to 
obtain estimates for the first derivative y’ of a solution in terms of estimates 
for the solution y itself. Applications of these results to the problem of the 
location of points of the spectrum of boundary value problems associated with 
(1) can be made as in [5]. 


THEOREM 1. Let Q=Q(t) >0 be a non-decreasing function satisfying 
(2) 
Let y= y(t) be a solution of (1) and let 
(3) m(t) =max|y(u)| for |¢—wu|S 2/Q3(¢ + 2/Q3(t)). 
Then, for t = 2/Q4(0), 


(4) | f(t) | S 2Q4(t + 2/Q4(t) )m(t). 


For example, if, as y(t) =o(M(t)), where M(t) (> 0) is mono- 
tone, then y(t) =0(Q3(t+<«)M(t+e)) for every fixed « >0, where the 
choice of + depends on whether M is non-decreasing or non-increasing. In 
this statement, 0 can be replaced by O. Thus, if y is 0(1) or O(1), then y’ is 
0(Q3(¢+-«)) or as t->00, for every fixed «>0. (The 
occurrence of an arbitrary « > 0 is permissible because, in these o- and O- 
statements, there is no loss of generality in replacing Q by const.Q and 
supposing, therefore, that 2/Q4 S «.) 


Proof. The proof depends on a simple Tauberian argument used in [2] 
to show that if 


(5) (C = const. > 0), 
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then y= o0(1) implies y —o(1). It was shown in [8], p. 650, that this 
argument implies the following: If (5) holds on 0St <o and if ¢= 2/C}, 
then there exists a ¢* = ¢*(t) with the properties that | ¢* —¢ |< 2/C3 and 
(4 bis) | y’(t)| S | 
(Of course, ¢* depends on the solution y). 

In the proof of (4 bis), only the interval with the end points ¢ and ¢* 
is involved. Hence the inequality (5) is needed only on this interval; for 


example, it is sufficient that (5) hold for all non-negative t-values not 
exceeding ¢ + 


Theorem 1 will, therefore, follow if it is shown that (5) holds on the 
interval [0, ¢ + 2/C4], where C = Q(t + 2/Q3(t)). In view of (2) and the 
fact that dQ = 0, it is sufficient to verify that 

Q(t + 2/C4) SC [= Q(t + 2/Q4(t)) ]. 


But this inequality follows from the non-decreasing property of Q, since 


C= Q(t). 
Theorem 1 and a result of Sears [7] lead to 


THEOREM 2. Let q, Q satisfy the conditions of Theorem 1. In addition, 
let 


(6) f welt) 

for example, let 

(7) lim inf Q(t)/t <0. 


Let (1) possess a solution y=y(t) ($40) which is bounded as t>o. 
Then no solution of (1) linearly independent of y(t) is of class L,(0, 0). 
In particular, tf all solutions of (1) are bounded (for example, if q is positive 
and non-decreasing), then no solution is of class L.(0, 0). 


The case Q —const. of this assertion is known, as is the last paren- 
thetical part concerning a positive, non-decreasing q; see [5], p. 214 and [4], 
p. 303, respectively. 

It will be clear from the proof that if the assumptions (6) on Q and 
y = O(1) on y are changed to 


f =o and y=O(M(t)), 
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respectively, where M is positive and non-decreasing, then the first assertion 
of Theorem 2 remains valid and the second has an appropriate analogue. 


Proof. Suppose that Theorem 2 is false; so that (1) has a solution 
y= x(t) which is of class L.(0,0) and which is linearly independent of 
y= y(t). Then (2) and dQ = 0 imply that 2’(t)/Q3(2t) is of class L.(0,00) ; 
[7]. Hence a’(¢)y(t)/Q2(2t) is of class L2(0,00), since is bounded. 
(Actually, Q(2¢) can be replaced by Q(¢-+ €).) On the other hand, Theorem 
1 shows that y’(t)/Q3(2t) is bounded. Hence x(t)y’(t)/Q2(2t) is of class 
L2(0, 0 ). 


Since x(t) can be multiplied by a constant factor (540), it can be 
supposed that the Wronskian of x and y is 1, ay—ay’=1. If this relation 
is divided by Q2(2¢), it follows from the linearity of the L.-space, that Q-4(2¢) 
is of class L.(0,0). But this contradicts (6) and implies Theorem 2. 


THEOREM 3. Let gt =max (0,q(¢)). Let 


(8) as 


Let (1) possess a solution y=y(t) which is bounded as to. Then the 
assertions of Theorem 2 are valid. 


The relationship between Theorems 2 and 3 is clear. In Theorem 2, 
Q(t) can be O(t) (but not O(#t***)). The inequality (8) is implied by 
qg = const. ¢, but not conversely. 

As in Theorem 2, the assumptions (8) on g and y= O(1) on y can be 
modified to 


= and y= O(M(t)), 
0 
respectively, where M is a continuous function satisfying 0 = M(t) = O(¢*/”), 
as 00. 


Theorem 3 implies the corresponding results of Fischel [1], where, 
instead of (8), it is assumed that 


(i) q> const. >—oo and q(t.) — q(t) Sconst. (t. — t,) 


for 0S t, <i, 
or that 


(ii) | —q(t)| S const. | | 
or that 


PHILIP HARTMAN. 


(ili) q(t) —const. is of class L.(0,0). 


Of course, the cases (i) and (ii) are also implied by Theorem 2. In [4], 
p. 298, it was shown that (i), without the assumption q > const., implies that 
if y is a solution of (1) of class LZ.(0,0), then y¥ —O(1). It was shown 
in [1] that, in the case (iii), if y—O(1), then y —O(1). It is easily 
seen that this proof in [1] is valid if g(t) — const. is of class L,(0,0) for 
some p= 1 or, more generally, if 


(9) ds = O(1), as t>o. 


[It may be mentioned that Fischel’s proof for the cases (i) and (ii) is 
incorrect (cf., p. 178, (@), (II)) in that he concludes (9) from the inequality 
| Sconst.t. In fact, it is not true that, in these cases, y= O(1) 
implies y’ = O(1); this follows readily from standard asymptotic formulae 
for the case q = t.] 


Proof of Theorem 3. According to [6], p. 150, if (1) has a solution 
y = y(t) (#0) satisfying 


t 
= O(#?), 
0 


then no solution linearly independent of y is of class Z.(0,00). (There is 
no assumption concerning q or y itself.) Hence, in view of (8), it is sufficient 
to show that if (1) has a solution y which is O(1), as t->0o, then 


t 2t 
(10) f yds = O(1 + ( q‘ds). 
0 
To this end, let (1) be multiplied by y. If it is noted that 
yy” = (yy")’ — 
and that gy? S qty’, there results the inequality 
y? S (yy) + 


ef. [8], where this device is used for a similar purpose. The assumption 
y =O(1) and a quadrature give 


t t 
J S yy +0(i+ q‘ds). 


If ¢ is sufficiently large, the interval [¢, 2¢] contains a point wu at which 
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y(u)y’ (wu) S 1. For otherwise $(y?(2¢) —y?(t)) ># which, for large ¢, 
contradicts y= O(1). Hence 


f yas 14 0(14+ vas). 


Since t = u S 2¢, the integral on the left (right) is not increased (decreased) 
if wu is replaced by ¢ (2¢). This proves (10) and Theorem 3. 


THE JOHNS HOPKINS UNIVERSITY. 


REFERENCES. 


[1] B. Fischel, “ The continuous spectra of certain differential equations,” Journal of 
the London Mathematical Society, vol. 27 (1952), pp. 175-179. 

[2] P. Hartman, “The L*-solutions of linear differential equations of second order,” 
Duke Mathematical Journal, vol. 14 (1947), pp. 323-326. 


[3] , “On bounded Green’s kernels for second order linear ordinary differential 
equations,’ American Journal of Mathematics, vol. 73 (1951), pp. 646-656. 

[4] and A. Wintner, “Criteria of non-degeneracy for the wave equation,” ibid., 
vol. 70 (1948), pp. 295-308. 

[5] ———— and A. Wintner, “On the location of spectra of wave equations,” ibid., vol. 
71 (1949), pp. 214-217. 

[6] ———— and A. Wintner, “On the derivatives of the solutions of one-dimensional 


wave equations,” ibid., vol. 72 (1950), pp. 148-156. 
[7] D. B. Sears, “ Note on the uniqueness of the Green’s functions associated with cer- 
tain differential equations,” Canadian Journal of Mathematics, vol. 2 
(1950), pp. 314-325. 
[8] A. Wintner, “(Z?)-connections between the potential and kinetic energies of linear 
systems,” American Journal of Mathematics, vol. 69 (1947), pp. 5-13. 


12 


THE CRITICAL SET OF A CONVEX BODY.* 


By V. L. Kier, Jr.** 


1. Introduction. Suppose ( is a convex body in EF” and zveIntC. 
For each ye FC let po(y, x) = yx/yz, where [y,z] is the chord containing 
Ly, v]. Let po(x) = sup poly, x) and So(r) = {y | ye FC and pe(y, x) = po(2)}. 

ye 


The number inf pce(x) will be called the critical ratio of C and denoted by 
zeIntC 


ro. The set {x | pc(x) = rc} will be called the critical set of C and denoted 
by C*. These concepts were investigated in H? by B. H. Neumann [6] and 
in E" by Siiss [7], Hammer [1, 2,3], and Hammer and Sobezyk [4]. (I am 
indebted to Dr. Hammer for supplying me with manuscripts of [3] and [4].) 
The present paper provides a more detailed discussion in EH”. 

Neumann [6] proved that if C C #?, then }SreS 4% (with ro = 3 
only for a triangle), C* is a single point x, and So(a) contains at least 
three points. For Ce, Siiss [7%] and Hammer [1] showed that 
4$=7r¢e=n/(n+1), Hammer [3] that C* is convex, and Hammer and 
Sobezyk [4] that C* need not be degenerate. We prove here (3.9) that if 
CC E*, then r¢(1 — rc) * + dim C* = n (and that if = n —1, then for no 
point ze C* is Sc(x) contained in an open half-space parallel to C* but not 
containing C*). This inequality implies dimC* =n—2. Furthermore, 
for each x e C*, Sc(x) contains at least (1—~rc)-* points. By using a result 
of Hammer [1], we show (4.6) that if C C #”, then ro =n/(n +1) if and 
only if C is an n-simplex. This was stated without proof by Siiss [7]. 

Section 5 contains some extensions of Helly’ theorem [5] on the inter- 
section of convex sets, and is related to the rest of the paper only in that 
(5.5) is used to prove (3.8). 


2. Notation and terminology. The interior, closure, boundary, e-neigh- 
borhood, dimension, and convex hull of a set X will be denoted by Int X, X, 
FX, N.X, dim X, and conv X respectively. Set-theoretic union, intersection, 
and relative difference are indicated by U, N, and ~, + and — being reserved 
for vector addition and subtraction. The intersection of all sets in a family 
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Q of sets is denoted by 7Q. EH” is Euclidean n-space, O its origin, and A the 
empty set. {x | P(a)} is the set of all 2 for which P(x) is true. If x and y 
are points of H", then zy denotes the distances between them, [2,y] the 


> 
segment joining them, and zy the ray which emanates from z and passes 


through y. (If zy=—0, then [2,7] = zy = {x}.) We use conver body to 
mean a bounded closed convex set whose interior is not empty. C will always 
represent a convex body in E". If K is a convex set in HE", Im K will denote 
the smallest linear manifold containing K and #(K) the interior of K relative 
tolm K. Points of E(K) will be called equilibrium points of K. “If and 
only if” will be rendered by “ iff.” 


3. The basic inequality. In this section we establish the basic in- 
equality stated in the introduction. 


(3.1) Suppose xeC*, Z = {z | z FC for some ye So(x)}, and 
& is the set of all half-spaces which intersect Z but not IntC. Then r& 
is empty. 


Proof. We suppose without loss of generality that r—O. If GeG, 
then since O ¢ G, t@ C Int @ for each ¢ > 1. Hence if r® is non-empty there 
is a point pex{Int G| Ge @}. An easy argument using the compactness of 
Z and the upper semi-continuity of the supporting cone on FC then shows 
that there is an e > 0 such that if Z7 = FCN NZ and & is the family of all 
half-spaces intersecting Z’ but not Int C, then pe 7’. 


Now consider an arbitrary ze Z’. If z-+tpeIntC for some > 0, then 
(1+ ¢)-*(z2-+ tp) =qeIntC, which is impossible since for some G we 
have qe [z,p] C Ge GW. Thusz-+ [0, misses IntC. Ifz+ (—o,0)p 
also misses Int C, then by the separation theorem for convex sets there is a 
GeW such that z+ (—0,0)p CFG. But then z—peG and peG, 
whence ze G+ G C Int G, a contradiction. Thus for each ze Z’ there is a 
t, > 0 such that z—t,peIntC. A simple argument using the compactness 
of Z’ shows there is an > 0 such that z—ynpeIntC whenever zeZ’. 


Let Y = {y | y= 20 FO for some zeZ’}. Then for each positive «<7 
inf {pc(y, O)| ye Y} there is a 8 > 0 such that po(y, — ep) < ro — 8¢ when- 
ever ye Y. And since p(u, O)| we FC attains its maximum only on S¢(0), 
there is for each a > 0 a b(a) > 0 such that po(u,v) < ro —b(a) whenever 
ue FC ~ N,Sc(O) and ve Nyq)O. For sufficiently small a, 
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and for e << b(a)/Op we have po(u, — ep) < 17 — b(a) whenever ue FC ~ Y 
and po(u,—«p) < ro — 4, whenever we Y. Thus po(—ep) < ro, a contra- 
diction completing the proof. 


(3.2) Suppose xe Int C, ae So(zx), b FC, Hy is a hyperplane 
supporting C at b, and Hz, —H,+ (a—b). Then Hq supports C at a. 


Proof. Suppose FC contains a point q on the side of Hy away from b 
and let ga Ha, Ge Hy, and FC. Then 


= 92/(99.— = 92/99 
= (99a + Yat) / (99a + > = ax/ab, 
contradicting the hypothesis that ae S¢(z). 


A similarly simple argument yields 


(3.3) Suppose x is an equilibrium point of C* and ye Sc(x). Then 
y + — y) C FC and ye So(p) for each peC*. 


(3.3) shows that if C* contains more than one point, FC must contain 
line segments. It shows also that the set Sc(p) does not vary as p ranges 
over E(C*). We will henceforth denote this set by Cf. 


(3.4) Suppose O is an equilibrium point of C*, L’ a subspace of EL" 
complementary to 1m C*, and 2’ | x is the projection of E" onto L’ for which 
= {O}. Then and = S8o(0). 


Proof. Let ge FC’. Then q=y’' for some ye FC. By definition of rc, 
(1—1c)“*re(— y) € C, so (1—re)*re(— € C’ and Src, with 


equality implying ye S(O). On the other hand, if y and z = yO 
it follows from (3.2) and (3.3) that C is supported at y and z by hyper- 
planes parallel to C*. Hence po (O) and po:(y’,O) whenever 
yeSc(O). This completes the proof. 


(3.5) Suppose ZC FC, OeconvZ, and po(z,0) > m(m-+1)* for 
each ze Z. Then Z has a subset Z’ such that dimconv Z’ > m and O is an 
equilibrium point of conv Z’. 


Proof. Let k be the smallest integer for which O belongs to a k-simplex 
having vertices in Z, and let 2,: - -,2, be such a set of vertices. Then 


Be 
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k 
we have O= >a with each a4 >0, so O is an equilibrium point of 
i=0 


k 
conv {%,° °°, 2}. Let FC. Then Sty, with each 
4=1 
For 
— Yj = (mtj)* (myo) + (my), 
1= Fj 


where each point my,(0 =[1=k) is interior to C and the coefficients are all 
positive. Since — y; is not interior to C, the sum of the coefficients is not 
less than 1, and hence 


k 
Summing on j yields mo S k + (k —1)o, with o = > ti, whence k/(m + 1) 
i=1 


But conv {my,,: - -,my,} C Int C and —y eFC, soo > m. 
Using this and the previous inequality we obtain k/(m +1) > m/(m-+ 1), 
whence k > m and the proof is complete. 


(3.6) Suppose C 1s not contained in any open half-space parallel to 
Im C* but not containing it. Then ro(1—r )-'+ dim C* =n. 


Proof. Suppose Oe H(C*) and let L’ and C’ be as in (3.4). From 
(3.4) we have pe (z,0) for each ze S(O)’, and the hypothesis above 
on Sc(x) insures that Oeconv Sc(O)’. Then (3.5) gives dim L’ > m for 
each m such that m(m-+ 1)" < re. Since dim L’ = n— dim C*, we thus 
have »—dimC* >m whenever m < re(1—rc)-?, whence re(1— 
+ dim C* = n. 


(3.7) Suppose B is a conver set in EX) t< p= 
A=conv (BU —?#B), re B* ~ {O}, and s>t(w+1)(u—1)*. Then 
—sx is in every half-space which intersects —tB but not Int A. 


Proof. Let be B and the linear functional f($40) be such that 
f(a) = f(—tb) whenever ae A. Clearly —p(b—z) B, so (u + 1)f(z) 
—pf(b) =f(—tb). From this it follows that 


f(—2) St*(u+1)*(u—t)f(— tb), 
whence f(— sx) < f(— tb) and the proof is complete. 
(3.8) Suppose C is such that ro(1—rc)* + dim C* =n—1. Then 
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Ct is not contained in any open half-space which is parallel to C* but doesn’t 
contain C*. 


Proof. Simple continuity considerations show that it suffices to consider 
the Let k—=dimC*+1 and Then 
m>n—k. We assume without loss of generality that Oc H(C*). If the 
conclusion of (3.8) is false, there is an open half-space H such that O ¢ H, 
— C+ C H, and FH is parallel to ImC*. Let Z and © be as in (3.1). 
Then T= {Int G| Ge G} is an 0-closed family (in the sense of §5) of 
half-spaces, each containing a translate of Im C*. Since Z =— Cf it 
follows from (3.7) that each »—sk members of [ have common points 
in H arbitrarily far from FH, and then from (5.5) that 7 is non-empty, 
contradicting (3.1) and completing the proof. 


Combining (3.7) and (3.8), we have 


(3.9) Suppose C ts a conver body in EH". Then re(1—re)* 
+dimC*=n. If ro(1—rc)* + dim C* 2 n—1, then 


E(C*) C Int conv (C* U Cf). 
Directly from (3.9) we obtain 


(3.10) With C as in (3.9), dim C* Sn—2 and ro Sn/(n+1). 
If rc > (n—1)/n, then C* is a single point and C* C Int conv Cf. 


(3.11) Cf contains at least (1—rc)- points. 


Proof. For re > (n—1)/n it follows from (3.10) that Cf contains 
at least n+ 1 points. So suppose re S (n—1)/n and let B= conv Cf. 
Since (1—rce)*Sn, if Cf does not contain at least (1—~rc) points, 
B is a j-simplex for some 7 [ n—1 and rg = (j—1)/j. Defining Z as in 
(3.1) (and taking Oe H(C*)) we have Z=—(1—vr¢)rce'C. Thus if 
(1—rc)re* < 1/), the conclusion of (3.7) contradicts that of (3.1). Hence 
(1—1¢c)ro? 2 1/j, from which it follows that 7 +12 com- 
pleting the proof. 


4, Characterization of the simplex. By a conical convex body in E* 
we mean a set C of the form C = conv ({p} U K), where K is an (n—1)- 
dimensional convex body contained in a hyperplane H in #” and p is a point 
of E" ~H. Each such point p will be called a conical vertex of C. In this 
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section we examine ro, C*, and C+ for such bodies and obtain, in particular, 
a proof that in #*, rg attains its maximum only for the n-simplex. We use 
(4.1) and (4.2) below, which are given implicitly by Neumann [6]. 

(4.1) For ceC, po(x) = inf {t | c—t0 D(1—1)C}. 


Proof. Let K=C—zax. Then po(x) =px(O) and it can be verified 
that « — contains (1—t)C iff—tK contains Thus it suffices 
to consider only the case r—O. If Oe FC, the above expression gives 
po(O) =1, which is correct. Now suppose Oe Int C, po(O) ye FC, 


and — aty = FC. Then 1)e*y = b(— ay), with b = (1 — 
However, it follows from the definition of « that a S e(1—)-*, whence 6 =1 
and (e—l)etyeC. Thus (e—1)e'C CC, or (1—«)C, and 
eSinf{t|]---}. But if —a ye Se(O), then a—c(1—e)", so b—1, 
and (e—1)e*ye FC. This implies that «= inf {t|-- -} and shows that 
for ee Int C, po(x) can be obtained as stated. A similar but simpler argu- 
ment yields 


(4.2) For xeC, So(x) =[(1— — po(z)) FC] NC. Also 
ro = inf {t |(1—t)C is contained in some translate of — tC}, and 


C* = {4 | D (1— 1c) C}. 
It is more convenient here to work with the numbers 
po(&) = po(£)/(1— po()) and me = pale). 
From (4.1) and (4.2) it follows that 
(4.3) po(x) =inf {t|C C (1+¢)¢—tC} and 
So(z) = [(1 + FC] 


(4.4) Suppose K ts an (n—1)-dimensional convex body contained in 
a hyperplane in E"~{O}, OSa<1, and C=conv(akKUK). Let 
t= (1+ mx)/(2+ mg—a) and 


B=akK [(1 + mx) K* — (1+ me —a)K]. 


Then mo =1+ mg —a, C* =tK*, and OF} =K+UB. If ke K*, then 
So(tk) = Sx(k) U B. 


Proof. (We actually prove only the assertions about mg and C*. The 
other proofs are not trivial but are omitted as being of less interest.) Note 
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that C =[a,1]K, and consider an arbitrary Ake IntC (with keInt K, 
Ae (a,1)). Then the following statements are equivalent: 


(1) rZpc(Ak); (2) CC (1+ r)Ak—rC; 


(3) (3a) there is a number ae [a, 1] such that K C(1+17r)Ak—reak; 
(3b) there is a number fe [a, 1] such that aK C(1+ r)Ak—rBkK. 


4) § (4a) s2=raand K C(1-+s)k—skK, where s =A + rA—1; 
( (4b) A+ rA—aSr. 


Equivalence of (1) and (2) follows from (4.3), of (2) and (3) from the 
definition of C. Since K is contained in a hyperplane missing O, (3a) implies 
(A+ 7rdA—1)/r, from which the equivalence of (4a) and (3a) follows 
easily. Similarly, (3b) implies B= (A+rA—a)/r, which with BS1 
implies (4b). On the other hand, if (4a) and (4b) are both valid then for 
r=0, (3b) is trivial, and for a>0, (3b) follows from the inclusion 
“KC--:-” of (4a) and the fact that (A+ rA)/a—1>s. Thus the 
equivalence of (1)-(4) is established, and we(Ak) is the smallest number r 
for which (4) is valid. 

Let = po(Ak) and m = mx. The inclusion of (4a) implies s = 
so from r=—(1+s—A)/A we gett p= (1+ m—A)/A, with equality 
implying ke K*. For A St this yields p= 1 + m —a, with equality implying 
A=tand ke K*. From (4b) we get r= (A—a)/(1—A), which for A < 
implies »< 1+ m—a. We have thus shown that po(Ak) 21+ m—a, 
with equality implying At and ke K*. Furthermore, it can be verified 
that (4) is satisfied by r—1-+ m—a, A\=14, and ke k*, so the assertions 
of (4.4) about mc and C* have been proved. 


As a special case of (4.4) we have 


(4.5) Suppose K is an (n —1)-dimensional convex body contained in a 
hyperplane in E" ~ {O}, and C =conv ({O} UK). Then re =1/(2 — rx), 
C* = ro K*, and = K+ U {O}. If ke K*, then Sc(rck) = Sx(k) U {0}. 


In [1], Hammer has proved (H): Suppose C is a convex body in E" 
and x is the centroid of C. Then pe(x) Sn/(n+1) and equality implies 
that each point of Sc(x) is a comcal vertex of C. From (H) and (4.5) we 
have the following result, stated without proof by Siiss [7; p. 127]. 


(4. 6) 
n-sim plex. 


If C 1s a convex body in E” and ro = n/(n +1), then C ts an 
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Proof. From (#) it follows that C is a cone over some (n — 1)-dimen- 
sional convex set K, and (4.5) shows that re = (2r¢c —1)/re = (n—1)/n. 


Thus the obvious inductive argument yields a proof. 
From (4.5) and (3.10) we have 


(4.7) Suppose C has k conical vertices, with ki n—2. Then 
dim C* = n—2—k and ro= 1)/(k +2). 


In particular, every conical convex body in H* has a unique critical point. 


5. Some intersection properties of convex sets. Consider a family T 
of convex sets in #", each n+ 1 of which have a common point. Helly [5] 
proved that if T is finite or all its sets are compact, then there is a point in 
common to all sets of T. We show below (5.3) that the conclusion holds 
also if the family T is 0-closed (as defined later), with no assumption of 
finiteness or compactness being necessary in this case. This is used in proving 
(5.5), whose application in (3.8) provides the only connection between this 
section and the rest of the paper. 


2? 66 


(5.1) Let Ry, R., and R; mean (respectively) “intersects, is con- 


tained in,” and “contains.” Suppose T ts a family of convex sets in EH", 
K is a convex set in E", and for each n+-1 sets of T there is a translate of 
K which R; all n+ 1 of them. Suppose further that at least one of the 


ollowing holds: 
following hold 
(i) T is finite; 
(ii) K and the sets of T are all bounded and closed; 


(ili) j=—2, K is open, and the sets of T are all bounded. 


Then some translate of K R; all the sets of TY. 


Proof. For each CeY let C’={p|(K+p)R,C}. Then each C” is 
convex, under (ii) or (ili) is bounded and ciosed, and the &;-hypothesis 
relating K and T implies that each n + 1 sets C’ have a common point. Thus 
by Helly’s theorem there is a point ce 7{C’ | Ce T}, and K + 2 is the desired 
translate of K. 


For 7 =1, (5.1) was proved by Vincensini [8] in a different way. 


We shall need the following lemma. 


| 
| 
| 
| 
i 
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(5.2) Suppose Ca ts a convergent sequence of conver sets in E” and 
pelntlimC.. Then there is an integer k such that pe Int [) Ci. 

Proof. Let C=limC,. We suppose without loss of generality that the 
C;’s are uniformly bounded. (For some M <<, 0 < M whenever 2 is in 


any C;.) If for no k is p=O interior to {) Ci, then Ca admits a consequence 
i=k 


Kg such that ra > 0, where 1; is the radius of the largest open sphere centered 
at O and contained in K;. By the support theorem for convex bodies there 
is for each a unit vector v; such that r; ve Kj}. Let n(a) 
be such that vn;a) converges (say to v) and set ¢ —Vncgiyv. Then for each 


xe we have 
= (U—VUni)) + tS Met rw, 


where > 0 and >0. Thus C C liminf Knia) C {a | S 0}, con- 
tradicting the fact that Oe Int C. 

A family © of sets in #” will be called 0-closed iff every set in ® is open 
and Int /’e® whenever /’ is the limit of a convergent sequence of sets of ®. 
We have 


(5.3) Suppose T ts an 0-closed family of convex sets in E”, each n+ 1 
of which have a common point. Then Intel AA. 


Proof. In view of (5.1) (for 7 2) it suffices to prove the assertion 
(A): For some integer m, each n-+ 1 members of [ contain a common 
1/m-sphere which is contained in S,—{x|«O< m}. Suppose (A) is 
false. Then for each m there are sets Cm3,-°--,Cm"*t, of IT such that 
Sm Cm? Cy" contains no 1/m-sphere, and such sets can be chosen 


so that Cq" converges for each h; say Ca"—> Co". For each i, let Dp = () Ci. 


We will show that Dg admits a convergent sequence Ka—> Ky such that 
Int Ky = Do, and will use this fact to complete the proof of (5.3). 


Notice that for every subsequence Kg of Da, 
lim sup Kg C lim sup Da C Do, 


so it suffices to choose a convergent K, such that Int Dy) C Intlim Kg. Let 
Ga be an arbitrary convergent subsequence of Dy. If IntD,=— A, let 
Ka=Ga. Otherwise, for each pe Int D, there is (by (5. 2)) an integer k(p) 
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such that pelInt {) G;. By the Lindeléf theorem there is a sequence 


iZK(p) 

Pi, Px, °°, Of points in Int Dy such that Int D, is covered by the associated 
open sets. Let K;—= Gxip,). Then Ka is the desired subsequence. 

Now since D, is non-empty, Ky has an interior point p, so by (5. 2) 
there are an integer 7 and an e > 0 such that 

Nep Cf) Ki. 

For m > max (1/e, 2p0), this contradicts the fact that SmM Dm contains no 
1/m-sphere. The proof of (5.3) is complete. 


(5.4) Suppose T ts an 0-closed family of conver sets in E", EL" K eT, 
and KN C,N- contains points at arbitrarily great distance from FK 
whenever {C,,--°,Ca} CT. Then Intel. 


Proof. For n=1, (5.4) is obvious, so suppose it has been proved for 
all n < m and consider the case nm. To show (in that Intel 
it suffices, in view of (5.3), to show that if {Co,Ci,---,Cm} CT, then 

(1) O;s4 A. Suppose this is not the case and let S= f) C; Then C, 


and § are disjoint open convex sets, so can be separated by a hyperplane H 


disjoint from both. For K to contain H it is necessary that FK is either a 
translate of H or the union of two such translates. Since both SN K and 
Cm K contain points arbitrarily far from F'K, this is not possible, and thus 
KO 4H is an open convex proper subset K’ of H. For 1 Sim, let 
H, and consider an arbitrary m—1 sets C/, say | ik}. 


Since [) C; contains § and intersects Co, it follows that ({] Ci’) K’ contains 
ixk 

points arbitrarily far from /’K’ (boundary relative to H), so by the inductive 

hypothesis, (|) C/A. This contradicts the fact that SQ H =A, and 


1SiSk 

completes the proof. 
We finally obtain an extension of (5.4) of a sort available for every 
Helly-type theorem in #". It is given here explicitly because it is needed 


to prove (3.8). 


(5.5) Suppose L ts a k-dimensional linear manifold in E", T is an 
0-closed family of convex sets in EH", each containing a translate of L, 
eT, and contains points at arbitrarily great 
distance from F'K whenever CT. Then Intal contains a 


translate of L. 


, 
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Proof. Let L’ be a linear manifold complementary to Z and for each 
let Let It can be verified that the 
triple L’, K’, I” satisfies the conditions placed in (5.4) on HE”, K, I, and the 
proof is completed by applying (5. 4). 
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ACYCLIC MODELS.* 


By SAMUEL EILENBERG and SAUNDERS MacLaAne. 


1, Introduction. There are a number of situations in algebraic topology 
where one establishes the existence of chain transformations and chain homo- 
topies, dimension by dimension, using the fact that certain homology groups 
of a local character are zero. Most of the applications can be derived from 
well known theorems dealing with acyclic carriers. Other investigations (e. g. 
complexes with operators [2] and homology theory of multiplicative systems 
[3]) lead to similar proofs in situations no longer covered by theorems on 
acyclic carriers. The present paper formulates a general theorem, which seems 
to subsume all the situations of this type hitherto encountered. The theorem 
is formulated in the language of categories and functors [1]. 

As applications, we give proofs of the theorems of this type encountered 
in [2] and [3]. However, the most important application is a new theorem, 
establishing, by this method, the equivalence of the singular homology theories 
based respectively on simplexes and on cubes. This result was prompted by 
recent work of J. P. Serre and H. Cartan. 

Another application is included in the paper of Hilenberg-Zilber [4] 
immediately following. 


2. Main definitions and results. Let @ = (A,a) be a category with 
objects A and maps a. We shall assume given a set % of objects in @ 
(called model objects). 

Let 7 be any covariant functor on the category @ with values in the 
category 9 of abelian groups. We define a new functor T on QZ to & as 
follows. For each object Ae @, the group T (A) is the free abelian group 
generated by the symbols (¢,m) where ¢:M —A is a map (in @), Me M 
and me T(M). If a:4—>B in @ then T(a) is defined by T(a)(¢, m) 
=(ad,m). In addition we define a natural transformation ®: P > T by 
setting (¢,m) =T(¢)m. 


Definition. The functor T is said to be representable if there is a natural 
transformation 7 — T such that the composition — T is the identity. 
YW is called a representation of ®. 


* Received May 26, 1952. 
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Let 0% denote the category of chain complexes and chain transformations, 
and let K be a covariant functor on @ to 0%. For each object Ae C, the 
functor K then determines a complex K(A) composed of chain groups K,(A) 
and boundary homomorphisms 0g: K,(A) > with =0. The 
groups K,(A) vield a functor K, on @ to § and the boundary operators 
yield natural transformations 0,: K,— with = 0. 

Let K and L be two (covariant) functors on @ to 09. A mapf:K—=oL 
is a family of natural transformations f,: Kg— Lq such that dgfg = fos). 
If f, is defined and satisfies this equation only for gn, we say that f is a 
map K — in dimensions n. 

Let f,g: KL be two maps. A homotopy D:f=~g is a sequence of 
natural transformations D,: K,— such that 


+ = 9a — fa- 


If the maps D, are defined and satisfy (2.1) only for qn, we say 
that D is a homotopy in dimensions S n. 


(2. 1) 


THEOREM Ia. Let K and L be covariant functors on GZ with values in . 
0%, and let f: KL be a map in dimensions <q. If Kq is representable | 
and if Hy.(L(M)) =0 for each model Me Mn, then f admits an extension u 
toa map K-—>L in dimensions & q. | 


Proof. The objective is to define a natural transformation fg: Kg— L, 
such that = fq-10¢- 


For each me K,(M), Me %M, we have Since 
= fa-10q-104 =0 it follows that is a (q¢—1)-dimensional 
cycle in L(M). Since Hy.(L(M)) =0 we may choose a chain d(m)eL,(M) Jf 
with = 

We now consider the functor & q associated with K, and define a natural 
transformation A: K,—> L, by setting A(A)(¢,m) = Lq(¢)d(m). We have 


m) = = Les($)0qd(m) 
= Los = q(p)m = (A) (4, m) 
where ©: K,—K, is defined as above. Thus 0,A—fg10,6. Now, let 


v:K,—K, be a representation of Ky, and let fy =AW:K,—-L,. Then 


THEOREM Ib. Let K and L be covariant functors on C with values in 
0%, let f.g: K > L be maps, and let D:f ~g be a homotopy in dimensions 


f 
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<q. If Kq is representable and if Hz(L(M)) =0 for each model Me M, 
then D admits an extension to a homotopy f ~g in dimensions S q. 


Proof. The objective is to define a natural transformation D,: Kq— Lg. 
with + Doig = 9a 


For each me K,(M), Me we have (g9g—fq— Dg-10q)me Lg(M). 
Since 
— fa — = — Dafa 
= Jq-19q — fa-19q — (Jaa — faa — Do-2dq-1)0q = 0, 
it follows that (¢q — fg — Dg-10q)m is a q-cycle in L(M). Since H,(L(M)) = 0 
we may choose a chain e(m) Lg (M) with = (Gq — fg — 
We now define K, — by setting T(A)(¢, m) = We 


have 


(A) = e(m) = Lg (>) 
= Lg (Ga — fa — Dordq)m = — fa — Do-19q) Ka(h)m 
= (9q — fa — (4, m). 


Thus = (9q¢ —fqg— Now, let ¥: K, be a representation 
of Ky, and let Dg = TW: Then 


= (9a — fa — BV = — fa — 


as desired. 
Theorems Ia and Ib imply 


TueoreM II. Let K and L be covariant functors on GQ with values in 
0% and let f: KL be a map in dimensions <q. If Ky is representable 
for all n= q and if H,(L(M)) =0 for all n= q—1 and all Me M, then 
f admits an extension K L (defined in all dimensions). If f', f’: 
are two such extensionof f then there is a homotopy D:f' =f” with D, =0 
for all n < q. 


3. Groups with operators. Let W be an associative system with a unit 
element. Each element we W gives rise to a transformation w: W—> W 
defined by w(x) = wa. This gives rise to a category @ containing one object 
W and maps we W. The object W will be regarded as a model; thus in this 
case the set 9n contains all the objects of @. 

What is a covariant functor T on @ with values in &? It consists of 
an abelian group G and of endomorphisms T(w) : G-—>G such that 
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T (w2w,;) = T(w.)T(w,) and that 7(1) = identity. Thus G is an abelian 
group with W as left operators. 

If we now inspect the definition of T we find that @ is the free abelian 
group generated by pairs (w,g), we W, geG@ with operators defined by 
w’(w,g) = (w’w,g). Thus G is the W-free group with a W-base formed 
by the elements g=(1,g), ge G. The map 6:G—G maps the generator 
g of G into the element g of G. Clearly ® maps G onto G. 

In order that the functor corresponding to G be representable, there 
must exist a W-map ¥: G—G such that identity. Such a always 
exists if G is W-free. 

These remarks may be more conveniently restated using the algebra A 
of W, i.e. the additive free abelian group generated by the elements we W 
with a multiplication defined by that of W. Then G@ becomes a left A-module. 
Natural transformations of functors translate into A-homomorphisms. Further, 
G is the free A-module generated by the elements ge G. The existence of the 
A-homomorphism ¥:G—>G, with ®¥= identity, is equivalent with the 
property that G be a projective A-module (one of several equivalent defi- 
nitions: projective = direct summand of a free module). 

These remarks and the results of § 2 yield a new proof (in a somewhat 
more general form) of a basic result concerning complexes with operators 


[2, § 5]. 


4, Doubling of subcategories. For the purpose of subsequent applica- 
tions of the results of § 2 it will be convenient to describe a certain abstract 
method for constructing categories. 

Let @ be a category and @ a subcategory of @. We define a new cate- 
gory (*, called the result of doubling the subcategory 8, as follows. 

Fro each object Be @ we introduce a new object B*, and for each map 
8: B—B’ in B we introduce a new map f*: B* B’* with (8.8;)* = B.*8,*. 
These new objects and new maps constitute a category @* isomorphic to 8. 
The objects in @* are the objects A of @ and the objects B* of B*. The maps 
of @* are the maps of @, the maps of @* (each with the given composition 
rules), plus new maps y*: B* —> A, one for each map y:B—>A in @ with 
Be@®. The composition rule for these new maps with either previous 
type are given as follows. If B’25B%%A%A’ with Be B,y,ae@, then 
(yB)* = y*#B*, (ay)* = ay*. The axioms for a category are readily verified. 

These rules show that for each y:B—>A we have y* = yig*, where 
ip: B—>B is the identity map of B. The map ig*: B*—>B is called the 
inclusion map for B. For 8: B’ > B we have = ig*B*. Hence any map 
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in @* is uniquely representable as one of the maps a, B* or ig? or their 
composites, subject to the rule ig*B* = Big-* for B: B’ > B in B. 

In the applications, the set of objects B* will usually be the set In of 
models for the category G*. 


5. Homology theories for multiplicative systems. We shall show here 
how the results of § 2 can be applied to yield the main results of [3]. We 
shall use, without explanation, the notation and terminology introduced there. 

Let F be a free multiplicative system with generators 91, °-°,9i,° °° 
and 9n(F) the category of multiplicative systems belonging to F [8, § 2]. 
Let © be an admissible set of endomorphisms of F. The system {F',®} is a 
subcategory of 9n(/) and we denote by @ the result of doubling up the 
subcategory {F,®} of (Ff). The new object /’* is chosen as the (only) 
model. 

Let K be a ®-construction on 9n(F), [3, §5]. We shall regard K as 
a covariant functor on 9N(F') with values in 0%. We shall show how K 
can be extended to a functor K* on C. We define K*(F'*) as the &-sub- 
complex K(F,®) of K(F). The map K*(ir*) : K*(F*) — K*(F) is defined 
as the inclusion map K(F,#) > K(f). If ¢e® then K*(¢*): K*(F*) 
— K*(F*) is defined as the endomorphism K(F,®) — K(F,®) defined by 
K(¢). If is another (augmented) &-construction and is an 
(augmented) map as defined in [3, § 5], then f admits a unique extension 
f*: K* > L*. Conversely, for each map f*: K* — L* the restriction f: K > L 
is a map in the sense of [3, §5]. The same applies to homotopies. 

We shall now show that each component K,* of K* is representable for 
q>0. (For g=0, K,* is the augmentation functor, which is not repre- 
sentable). For Me each q-dimensional cell in K(M) has a form 
+,2@,]:, and is of type ¢ with er‘ries Let «2: 
be the map defined by a(g:) fori- and a(g:) —1 fort>r. 
Then [9:,:--,9r]e is a q-cell of K*(F*). The mapping 


then defines a representation of K,. With these preliminaries it is clear that 
Theorem 6.1 of [3] is a consequence of the results of § 2. 

The same remarks apply to the considerations of [2, §15]. Instead of 
the single free system F we consider the sequence {Gz‘} where Gr‘ is generated 
by ((=0,1,: ++). In this case, instead of a single model we 
have a sequence of models. 


13 
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6. Simplicial singular homology. Let X be a topological space. A 
singular n-simplex T of X is a function T(Ao,- - -,An) € X defined for 0 = Xj, 
do +: +--+ An =1 and continuous in the topology induced by the cartesian 
product of the variables. The faces (1 —0,---+,n) are (n—1)- sim- 
plexes defined as 


(FiT) (Ao, * = T (Xo, ° 0, An). 
Then 
(6.1) PF; =F,.F, i<j. 


We define S,,(X) as the free group generated by ali singular n-simplexes in X, 
Then 


=> 
4=0 


is a homomorphism 0: 8,(X) > 8,.(1) with This yields a chain 
complex S(X). It will be convenient to “augment” S(X) by defining 
S_,(X) to be the group of integers with 07. —1 for each 0-simplex. Hence- 
forth S(X) will denote the augmented complex. 

If f:X —Y is a continuous map and T is a singular n-simplex in X, 
then the composition f7 is a singular n-simplex in Y. This yields maps 
Sn(f):Sn(X) and S(f):S(X) and therefore functors S, 
and § defined on the category @ of topological spaces (with continuous maps) 
and with values in the categories § and 0% respectively. 

For each n-simplex T (n=0) in X and i= 0,- -,n we define 
the (n+ 1)-simplex DiT in X as follows: 

We have the identities 
(6. 2) D,Dj = +S), 

These imply that the simplexes D,T (where dim T =n) form a sub- 
complex DS(X) of S(X). Similarly the simplexes D,T (i = 0,1,---, dim T) 
form a subcomplex DS(X). We introduce the quotient functors S = S/DS, 
SN — §/DS. We call S(X) the singular complex of X, SN(X) the singular 
complex of X normalized, S(X) the singular complex of X normalized at the 


top. We observe that in dimensions < 1, the three singular complexes of X 


coincide. 


q 
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TueroreM II]. Let f:S—S*% be the natural factorization homomor- 
phism. There exists then a map g: SY +8 and homotopies H: gf = identity 
G:fg = identity. The same conclusion applies to the natural maps f,: 8S > 8 
and fo: 

Proof. In the category @ of topological spaces (on which the functors 
S, 8, S* are defined) we consider the set 97 of models consisting of all spaces 


contractible to a point. The theorem now follows from Theorem II and the 
following two lemmas: 


LemMa 6.1. For any model M we have 
H,(S(M)) = H,(S(M)) = = 0. 
Lemma 6.2. The functors Sn, Sn, and 8, are representable for all n. 


Proof of 6.1. Let I denote the unit interval O=[AZ=1. Since any 
model WM is contractible, there is a homotopy H:I1 * M—M such that 
H(0,7) =2x, H(1,2) =p for all ae M, where p is a fixed point of M. 


For each n-simplex T (n= 0) in M we define the (n+ 1)-simplex hT 
in M by setting 


hT(1,0,- - -,0) =p. 


For n= —1 we define h(1) to be the 0-simplex of M located at p. Since 
AD,;T = D;,,hT we may regard h as a homomorphism 


Sn(M) Sp (ML) > Snax), (ML) > (IL). 


For n>0 we have f,h=I, if For n=0 we have 
Fuh =1, Pik =h(1). These relations imply 0h + hé =I, thus yielding the 
conclusion of 6.1. 


Proof of 6.2. Let A” be the simplex consisting of all points (Ao,- +, An), 
i= 0, SA; = 1, with the usual topology. Every singular n-simplex T is 
then a map 7:A"—>X. In particular, the identity map e,: A"— A” is an 
n-simplex in S(A"). The correspondence 7 — (T,¢n) yields then a repre- 
sentation of the functor 8, forn=0. For n =—1 the proof is trivial. 


Next we consider the natural factorization maps &,: Sn —> Sn, Sn —> Sy. 
The expressions mZ = (I—DnaFn)T, = (I — 
(I— satisfy for Te and for Te DS,4. 
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Thus 7; and 7 yield maps 71: Sn—> Sp, 72: > Sn. Clearly = identity, 
£.n2 = identity. The representability of S, and 8,‘ is now a consequence of 
the following lemma. 


Lemma 6.3. Let T and T, be functors with values in § and :T ->T,, 
9:T,—T be natural transformations such that &=<identity. If T is 
representable then so is T;. 


Proof. We have the commutative diagram 
T, — T-—> 


where 7(¢,m™) = (¢, ym), E(¢, m) =(¢,ém). Let ¥: T be a repre- 
sentation of 7 and define ¥,:7,— as = EW. Then 


= = = Ey = identity, 


as desired. 


Remark. Theorem III is known and has been proved [4] for the more 
general class of complete semi-simplicial complexes. In this more general 
case the proof still can be carried out using the method of acyclic models. 


7. Cubical singular homology. A singular n-cube Ff in X is a function 
pn) X defined for 0 = »; = 1 and continuous in the topology of 
the cartesian product of the variables. If n —0, then RF is interpreted as a 
single point of Y. The front and aft faces AiR and (t—1,- -,n) are 
defined as (n —1)-cubes 


Then 
BB; = B,..B,, 
(7.1) i<j 


n é 
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As before we regard the singular n-cubes in X as generators of a free group 
Qn(X) and introduce the operator 


aR BR). 


Then (7.1) implies 000. Thus the groups Q,(X) and the operator 0 
define a chain complex Q(X). As before we augment Q(X) by setting 
Q_1(X) = integers, = 1 if dimR=0. Also as before we convert 
into a functor Q defined on @ with values 09. 

For each n-cube R (n= 0) in X and each i~1,---,n-+ 1 we define 
the (n+ 1)-cube of X as follows 


We have the identities 


(7. 2) EE; = Ki, 1S}, 
AE; = BE; = E;,Bi, 
(7. 3) A,;H; = BE; 
A,B; = BE; = 


These imply that the cubes Hy.R (where dimR—n) form a sub- 
complex £Q(X) of Q(X). Similarly the cubes (1 —1,- - -,1-+ dim 
form a subcomplex Q(X). We introduce the quotient functors Q = Q/£Q, 
QY = Q/EQ. 


THeoreM IV. Let f:Q@—Q% be the natural factorization homomor- 
phism. There exist then a map g:QX > Q and homotopies H: gf = identity, 
G: fg = identity. 


The same conclusion does not apply to the maps Q—> @ and Q—> Q. 
As in the case of Theorem III, Theorem IV follows from Theorem II 
and the following two propositions: 


Proposit1on 7.1. For any model M we have 
H,(@(M)) Hn(QN(M)) =0. 
This is not the case for H,(Q(M)). 


Proposition 7.2. The functors Qn, Qn, and Q,»% are representable for 
all n. 
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Proof of %.1. Using the notation of the proof of 6.1 we define, for 
each n-cube R of M, an (n + 1)-cube AR as 


For n=—1 we define h(1) to be the 0-cube of M located at p. Since 
we may regard h as an operator Qn(M) Qnu(M), 
(M) > For n> 0 we have 


A,he Byh=I 
Ajh =hA i-1> Bih = for 0 1. 


For n = 0 we have A,h =h(1), Bish =I. These relations imply dh + hd=I 
mod £Q(M), thus yielding the conclusion of 7.1. The complex Q(J) 
without any normalization is not acyclic, as can be seen in the case in which 
M consists of a single point. 


Proof of %.2. The proof of the representability of the functor Q, is 
the same as that for S, with the simplex A” replaced by the cube 0)” given 

The representability of Q, and Q,% is proved in the same way as for S, 
and 8, with the expressions 7, and 7 replaced by 


mk = (I — H,A,)R, = (I — £,A,) (I — — En An) BR. 


Remark. In the simplicial theory the normalizations were essentially a 


“correct ” homology theory. In 


luxury since the functor § already gives the 
the cubical theory some normalization is a necessity since the functor Q 


(without normalization) does not give the “correct ” homology groups even 


in the case of a space consisting of a single point. 


8. Comparison of singular and cubical theories. A singular 0-simplex 
and a singular 0-cube each represent a point of X ; thus we are led to identify 
the functors S, and Q». Further we identify S, with Q, by identifying each 
1-simplex with the 1-cube R defined by =T(1— 4, These 
identifications are compatible with the boundary operators S, > So, Q; > Qo. 
These identifications induce identifications = Q; and for i < 2. 


Lemmas 6.1, 6.2, 7.1, 7.2 together with Theorem IT yield 


THEOREM V. There exist maps g:Q—S8 and homotopies 
H: gf = identity, G:fg = identity such that f and g are the identity in 


\ 
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dimensions <2 while H and G are zero in dimensions <2. The same 
applies to the pair of functors SN, QN. 


We conclude by giving an explicit form (due to H. Cartan) of a map 
f:S—>@Q which is the identity in dimensions <2. We define for each 
n-simplex 

where 
An 
Clearly Ay ping Thus 34—1. Further, 
one easily verifies 
Buf, OSt<n; 
fP'n=Anf; Aif = HAiAnf; fDn = Enuff. 


These formulae imply that f maps DS into #Q and that df = fd mod £Q. 
Thus f induces a map f:S—>@ as desired. It should be further noted that 
=fT’ implies T= T’, so that f actually yields an isomorphic mapping 
of 8 into Q. 
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ON PRODUCTS OF COMPLEXES.* 


By SAMUEL EILENBERG and J. A. ZILBER. 


The objective of this note is to establish a theorem (stated in § 1) 
concerning the equivalence, from the point of view of homology, of two kinds 
of products that may be defined for complete semi-simplicial complexes (see 
below for a definition). The proof ($2) uses the method of acyclic models 
established in the paper [1] just preceding. Some applications are listed 
in $3. 


1, The theorem. We write [m] for the set (0,1,---,m) where m is 
an integer = 0. By a map a:[m]-—>[n] will be meant a function satisfying 
a(t) Sa(j) for OS t+SjS™m. 

A complete semi-simplicial (abbreviated: c.s.s.) complex K is a collec- 
tion of “ simplexes ” o, to each of which is attached a dimension q = 0, such 
that for each g-simplex o and each map a:[m]—[q] (m=O) there is 
defined an m-simplex oa of K, subject to the conditions 


(1) If «g:[¢]— [gq] is the identity then ceg ~o, 
(2) If B:[n]—[m] then 


Let «,¢: [g—1]—[gq] be the map which covers all of [g] except 1 
=0,---+,q). Then oe‘ is called the i-th face of o, and the boundary of o 
is defined as the chain 


q 
= > (— 1) 


If K and LF are ec.s.s. complexes, a function f: K ~ L mapping q-sim- 
plexes into g-simplexes and such that f(o«) = (fo) is called a c.s.s. map. 
For further details see [3, § 8]. 

Let K and L bé two c.s.s. complexes. The cartesian product K X L 
is a c.s.s. complex whose g-simplexes are pairs (0,7) where o and 7 are 
q-simplexes of K and L respectively. For each map a:[m]-—>[q] we define 


= (0%, ra). 


* Received May 26, 1952. 
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The tensor product K &) L is an abstract cell complex with r-cells o ® +r 
where o is a p-simplex of K, 7 a qg-simplex of L with p+q—r and 


d(o 7+ (—1)?o0 & Or. 


Both K X L and K ® L may be regarded as chain complexes and may be 
compared by means of chain transformations and chain homotopies. 


TuEorEM. For any two complete semi-simplicial complexes K and L, 
there exist chain transformations 


P:KXLoK®@L, 
and chain homotoptes 
D: of = wdentity, E: fg = identity 
such that for 0-simplexes oe K, re L, 
= 0 g(o®r)—(0,7), Ho @®r)=—0. 
Moreover, f, g, D and £ are natural in the following sense. Let 
¢:K—> kK’, be c.s.s. maps. We consider the induced maps 
KXLOR XI, (> X ¥) (o, 7) = (¢0, pr), 
COL, Or) @ yr. 


Then these maps commute properly with f, g, D, £. For example, the 
diagram 


KX L — LT’ 


Kk L K’ 


is commutative. 


2. Proof of the theorem. For each integer m = 0 we define a c.s.s. 
complex K[m] as follows. A q-simplex of K[m] is any map o:[q]—>[m]. 
For each map «:[n]— [gq], oa is defined as the composite map. 

Let @ be the category whose objects are pairs (K,L), where K and L 
are c.s.s. complexes. A map (¢,y): (K,L) > (K’,L’) in @ is a pair of 
c.s.s. maps ¢:K—>K’, y:L—L’. Composition is defined by (¢’, y’) (¢, 
= (¢’¢, whenever ¢’¢ and yy are defined. 
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In @ we consider the set % of models consisting of all pairs 
(K[m], K[n]). 

On C we define two covariant functors P and Q with values in the 
category of chain complexes as follows. P(K,L) (resp. Q(K,L)) is the 
chain complex obtained from K X L (resp. K ® L) by adjoining the group 
of integers as group of chains in dimension —1 with 0(o X r) =1 (resp. 
0(o® r) =1) for 0-simplexes oe K, re L. The maps (resp. 
Q(¢,w)) are defined as extensions of ¢xXy (resp. ¢® yw) obtained by 
keeping the chains of dimension —1 (i.e. the integers) pointwise fixed. 

We first show that for each dimension r= 0 the functors P, and Q, 
are representable. If o is an n-simplex in a c.s.s. complex K, then we denote 
by ¢o the map ¢0:K[n|]—K defined for each in K[n]| as oa. 
In particular doe, =o. With these definitions it is clear that the maps 


o X ((do, $7), & X er), dime = dimr =r 
((¢e, $7); dime =p, dimr —q,p+q=—r 


yield representations of the functors P, and Q,. 


Next we prove that the homology groups of the complexes P(K[m], K[n]) 
and Q(K[m], K[n]) are all trivial. 

For any map «:[q]—[r] we define a map F(a):[¢+1]—[r] by 
setting 


F(a)(0)=0, F(a)(i) =a(i—1) 


Further, we define 6,: [0] — [r] by 6,(0) =0. 
Then 


F(a) = 

= F(ae,**) q>0,1—1,: ‘>t 

F(a)e,1 = 6, q = 0. 
Next, we define in P(K[m], K[n]) and Q(K[m], K[n]) homotopy operators 
G and H as follows: 

G(o,7) = (F(c),P(r)), = (Om, On), 
H(o ® r) =F (c)® 7 if dima > 0, 

® = F(c)®74+ On F(r) if dims =0, 


A simple calculation, using the face formulae for F(a) shows that dG + Gé 
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and 0H + Hé are identity operators. ‘This proves the assertion concerning 
the triviality of the homology groups. 

The remainder of the proof is now a direct application of Theorem II 
of [1]. We define the maps f:P—-Q and g:Q—>P in dimension —1 by 
f(1) =1= (1) and in dimension zero by 


f(o,7) =o = (4,7). 


Then f and g can be extended to maps defined in all dimensions. Since gf 
and fg coincide with the identity maps in dimensions <1, the homotopies 
D and £ required by the theorem, also exist in virtue of Theorem II of [1]. 

Although the proof given here appears to be purely existential, using the 
representations given for the functors P, and Q, and using the homotopies 
G and H above, explicit formulae for f, g, D and H may be readily found. 
Such formulae will be found in [2]. 


3. Applications. Let XY X Y be the cartesian product of two topological 
spaces X and Y. A q-dimensional singular simplex in XY X Y defines by 
projection a singular g-simplex in X and one in Y. Conversely a pair of 
singular g-simplexes one in X and one in Y determine a singular q-simplex 
in XX Y. It follows that the total singular complex S(X XK Y) (which 
is a c.s.s. complex; see [3, §8]), may be identified with the product 
S(X) x S(Y). Thus the theorem allows us to assert that from the point 
of view of homology S(X & Y) is equivalent with S(X) @S(Y). 

Let A and B be subspaces of XY and Y respectively. We write S(X, A) 
for the quotient of S(X) by its subcomplex S(A). Since the maps and 
homotopies asserted in the theorem are natural, it follows that the relative 


homology groups 


(1) H,(8(X X Y)/S(A X Y) US(X X B)) 
and 
(2) H,(S(X, A) @S(¥, B)) 


are isomorphic. We consider the triple of complexes 
(S(X XY), 8(A XK YUX XB), S(A XK Y)US(X X B)). 


If all the homology groups 


(3) H,(S(A X YUX:X B)/S(A X Y)US(X XB)) 
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are trivial, then it follows from the exactness of the homology sequence of 
the triple above that the groups (1) are isomorphic with 


(4) HA(XXY,4 xX YUXXB). 


Thus in this case (2) and (4) are isomorphic. 

Our second application concerns the simplicial product of simplicial 
complexes. Let K and L be simplicial complexes. The simplicial product 
K AL has as vertices pairs (A,B) of vertices AcL, Bel. A set 
(A°, B°),- - -, (A, B") of vertices of K A L forms a simplex of K A L if 
and only if A°,- --,A” are in a simplex of K and B°,---,B" are in a 
simplex of L. 

With each simplicial complex K we associate a c.s.s. complex O(K) as 
follows. The g-simplexes of O(K) are sequences A°- - - A% of vertices of 
K contained in a simplex of K. For each map a:[m]—[q] we define 
(A°: - - == - - ~The homology theories of K and O(K) 
are equivalent. 

With these definitions it is easy to see that O(K A L) = O(K) X O(L). 
Thus the theorem of this paper asserts that O(K A L) and O(K) @O(L) 
are homologically equivalent. It follows that the homology theories of K A ZL 
and of K®)L (regarding K and L as chain complexes) are equivalent. 

This result may be applied in the following situation. Let U and V be 
coverings of spaces X and Y respectively and let U X V be the “ product ” 
covering of X X Y. Then it is easy to verify the following relation between 
the nerves of these coverings: V(U KX V) =N(U)AN(V). It follows that 
that N(U & V) is homologically equivalent with N(U) &®N(V). 
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